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For solving the flow-shop scheduling problem, this paper examines elimina-
tion techniques that reduce the set of solutions to a subset that must contain
the optimal solution being sought. The paper shows (1) that the elimination
method of SzWARC [Naval Res. Log. Quart. 18, 295-305(1971)] removes at least
as many solutions as any other method, and is therefore optimal, and (2) how
to construct a general counterexample to any procedure that removes more
sequences than this optimal method.

CONSIDER THE sequencing problem with m machines My, M,, - -+, M, and
n jobs a, b, -+ -, v. Each job is to be processed on the machines in the same
order My, M, - -+, M,. We also assume that the processing order of the jobs is
the same on each machine. Given the processing times for each job on each ma-
chine, find the processing order (sequence) of the jobs so as to minimize the total
elapsed time.
We will use these notations: ax, bk, - - -, v are the processing times of jobs a, b,
.-+, v on machine My; o, 7', 7", € are sequences of jobs; ca is a sequence consisting
of elements of o other than @ and of job a on the last position.

Let ¢(o, k) be the completion time of processing sequence o through machines
My, My, -+, My, k=m. Then

t(oa, k) =max[t(sa, k—1), t (o, k) ]+ ax, (1)

with ¢(@, k) =0=t(s, 0).
REMARK 1. (o, m) s the total elapsed processing time for sequence o.

One way of solving this problem is to reduce the initial set of n! sequences to a
smaller subset and find the best solution in this reduced set. One elimination
scheme goes along the following lines. If a and b are two jobs and ¢ is a sequence
(even empty) of jobs other than a and b, and if some condition (which will be called
an elimination criterion) holds, then eliminate all sequences beginning with ob.
The crucial question then is whether or not the best solution of the reduced set is
an optimal solution of the problem.

Let " and 7" be two arbitrary (even empty) sequences of jobs satisfying condi-
tions

Nz’ =g, 7 Uz Noab =40, {r'Ux"Usab} = {a, b, - - -, v}. (2)
Then, if, for any = and =" satisfying (2), the elimination rule implies
t(oabr'x", m) <t(obr'ax”, m), 3)

The reduced set contains an optimal solution.
We see from (3) that, to each eliminated sequence obr’ar”, there corresponds
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another not yet eliminated sequence sabr’r” with a smaller (or equal) total elapsed
time. Condition (3) is also a necessary condition for a reduced set to contain an
optimal solution; if (3) does not hold, then it is always possible to construct an
example (see Section 4 and also reference 5), in which the eliminated sequence
obr’ar” is the only optimal solution.

By a correct method we mean one based on a criterion implying (3). Each cri-
terion equivalent to (3) is called optémal. A method based on an optimal criterion
is called optémal. This means that, among all correct methods, it is the optimal
method that eliminates the mazimal number of sequences.

In reference 7, I presented an elimination procedure based on following criterion

Apa = Akéaky (k =2y Y m) (4)
where
Ap=t(oab, k) —t(od, k), (5)

and showed that (4)=>(3). In this paper: Section 1 proves the optimality of (4).
Section 2 presents a criterion

max (Ay, -y Am) Sam (6)

based on the modified elimination rule, if (6) holds, eliminate all sequences of the
type ob, - - -, a, and shows that (6) is an optimal criterion under the modified elimi-
nation rule, since it is equivalent to

t(cabr’, m) <t(cbr’a, m). (3%

Section 3 presents several equivalent forms of the optimal criterion (4) and dis-
cusses the potentials of the elimination technique. Section 4 considers a published
method and shows that it fails to produce an optimal solution. The proofs of Lem-
mas 1 and 2 are in Appendix 1; Appendix 2 shows how to produce a general counter
example to any method based on a criterion weaker than (4).

1. THE OPTIMALITY OF CRITERION (4)

CoNSIDER JOBS a, b and a sequence ¢ of jobs other than a and b. Let ko and & be
two integers such that

1<ko=k=<m. (kz2) (7)
Introduce jobs p, ¢ whose operation times satisfy the conditions
<bis, (1=k=ko—1)
=max[t(cab, k+1) —i(cab, k), t(ab, k+1) (ko<k<k—1)
Pr= _t(a'bﬁ k)]) ~ (8)
>t(obpa, k—1)—t(obp, k—1), ) (k=k)
>0, (k+1=k=m)
and _
Zmin (Qk+41, Pr+1), (1=2k=2k—1)

_ |2 max[t(cabp, k+1) —t(cabp, k), t(sbpa, k+1) (k2k=m—1) ©)
T —t(obpa, b)),
>0, (k=m)

where pj, satisfy (8).
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REMARK 2. There are always positive solutions of (8) and (9), since the operation
times of jobs are positive numbers, and since

t(w, k+1) —t(m, k) >0, and t(wec, k)—t(m, k)>0.

For any a, b, ¢ and numbers k&, and k satisfying (7), the following two lemmas
hold. ‘
Lemma 1. For any job p satisfying (8), t(cabp, k) —t(cbpa, k) = Ax,— ai.
LemMa 2. For any jobs p and q satisfying (8) and (9),

t(cabpq, m) —t(abpagq, m) = Ay, — ai.

The proofs of these lemmas are given in Appendix 1.
LEMMA 3. Ap 12 a=>0r 1= A
Proof. (Compare the proof of Lemma 2 in Guera.”) By (5) and (1) we have
Ar=t(oab, k) —t(ob, k) =max[t(ca, k), t(sab, k—1)]
—max[t(e, k), t(sb, k—1)].
In view of a known inequality

min (4-C, B-D) <max (4, B) —max (C, D) <max(4-C, B-D), (10)

we get min[t (oa, k) —t (o, k), Apa]= Ax.  But, by (1), t(sa, k) —t (o, k) = az; hence,
min (ax, Ar—1) <A;. By assumption, min (ax, Ax—1) = Ax—1; hence, A1 = Ay.
TuroreM 1. (4)'=(3)’, where the prime denotes negation.

Proof. Notice that (4) implies

ApaZar, and ArZay, (k=2,---,m) (4%

whereas (4*)=>(4) follows from Lemma 3. Hence (4)<(4%).

Since (4), and so (4"), does not hold, there exist two numbers k<% (actually

k—1=ko=k) such that Axp>ai. Notice that £>1, since, for k=1, ky=1, and

Ar=t(gab, 1) —t(ab, 1) =ay, contrary to the assumption that (4) does not hold.
Consider two jobs p and ¢ satisfying (8) and (9) (such jobs always exist—see

Remark 2). Then, by Lemma 2,

t(ocabpq, m) —t(sbpag, m) = Ay, —air>0,

or t(cabpg, m) >t(sbpag, m). Hence, there exist two sequences =’ = (p) and 7" =
(¢) such that (3) does not hold.

Theorem 1 and the Main Theorem in reference 7 imply this result:
CoroLLARY 1. (4)=(3).

This means that (4) is an optimal criterion.

2. THE OPTIMALITY OF CRITERION (6)

WE HAVE INTRODUCED the criterion
max (Aly Y AM) éam, (6)

which reads: if (6) holds, eliminate all sequences ob, - -+, a. We now prove that
(6) is equivalent to
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t(cabn’, m) <t(sbr'a, m). 3"

Consider the following lemma from reference 3.
LEMMA 4. Let o’ and o” be two arbitrary sequences of jobs and let t (o', k) —t(s” , k) =
o for all k<m. Then, for any sequence = disjoint with o’ and o,

min 3y, -+, &%) <t (o'm, k) —t ("7, k) Smax (3, - - -, 0k).

The simple inductive proof of this lemma relies on (10).
CoroLLARY 2. Consider two sequences gab and ob. Then, for any sequence m dis-
jownt with oab and ob,

. ’ ’
ming <, <m A<t (oabr , m) —t(obr, m) T maxi <k <m Ap.

To see this, replace o’ by eab, ¢’ by ob, 6, by A, and k by m in Lemma 4.
THEOREM 2. (6)<(3%).

Proof. Case 1: (6)=(3"). Now, (6)=t(cabr’,m) —t(cbr’, m) Smaxici<m Ak
<an, by Corollary 2, which can be rewritten as t(cabr’, m) <t(cbr’, m)+am.
This, together with (1), implies ¢ (cabr’, m) <t (cbr’, m) +an=<t(cbr’a, m). There-
fore, t(cabr’, m) <t(ebr’a, m), as was to be shown.

Case 2: (3%)=(6). It is sufficient to prove (6)'=(3")". By assumption,
there exists a number ko<m such that Ay,>am. Set ko=koand m=Fk. Since these
numbers satisfy (7), there exists (according to Lemma 1) a job p satisfying (8)
that t(cabp, m)—t(sbpa, m)=~7,,—an>0. Hence, t(sabp, m)>t(sbpa, m),
as was to be shown.

REMARK 3. By using (6) in addition to (4) we may eliminate sequences that (4) s
not able to remove. This can happen quite often, since (6) ts a much weaker condition
than (4).

3. OPTIMAL ELIMINATION CRITERIA

CONSIDER THE elimination criteria

A a=S ax, Ap = ay, (k=2,---,m) (4"
max (Ay, « -+, Ak) S ag, (k=2,---,m) (4™
Akémill(ak, "',am)y (k=2) ..'ym) (4***>

where (4***) was introduced in reference 3. [In Corollary 3 of reference 7, there is
another equivalent condition: Ay ;< Ax<min(az, ***, an).]

Then it is true that (4%), (4**), and (4***) are optimal criteria. It is obvious
that (4%)=>(4**)=> (4***) and (4*"")=(4**)=(4*). Since (4)=(4") (see the
proof of Theorem 1), we get (4)& (4% e (4" e @**).

We will now establish some mathematical facts that offer a new insight into the
problem, and also enable us to discuss the potentials of this technique. The fact
that we know what the optimal criteria are is thercfore of great importance.
REMARK 4. By fixing the completion time of the operation’s program, we may look
for a processing order whose time is running in the opposite direction. Then all pre-
vailing formulas, including elimination criteria as well as optimal elimination criteria,
are symmetrical.
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All we have to do is to arrange the machines and jobs in the reverse order and to
define symmetrical formulas. By applying both the original and symmetrical
elimination criteria, we will remove sequences of the type ¢b, - - -, as well as of the
type - - -, b (where the jobs in ¢ are arranged in reverse order).

Note that (4) implies A;=Say for all k. Since A;=a;, we get a;<ax. Criterion
(6) leads to A;=a1=<an. The corresponding symmetrical criteria imply a,= a for
all k, and @, < a, respectively. Thus we can state the following result.
COROLLARY 3. For ajob to be an ‘a’ job 1t is necessary that:

1. 1=a (k=1,---,m) to remove ab, - - -.

2. an=ay (k=1, -, m) to remove - - -, bé.
3. ;= am, to remove ab, - - -, a.
4. an=ay, to remove a, - - -, bs.

The potential of the elimination technique depends on how many jobs are ‘a’
jobs. If there is no job satisfying one of the four conditions, then there is no use
applying the elimination technique, since no single sequence can be removed by the
optimal criteria (4) and (6).

Consider criterion (4**) max;<r<r Ax<a, (r=2, -+-,m). We have

max; <k < [£(cab, k) — (b, k)]—max; <x <. [t (b, k) —1(b, k)]
<maxi<k<r {[(cab, k) —1(b, k)]
—[t(ad, k) —t(b, k)]} =maxi <k <r Ax = Or
Hence (4) implies
maxi <k < [£ (oab, k) —¢(b, k)] —maxi <k <. [£(ab, k) —E(b, k)] = a,.
(r=2,---,m) (11)

REMARK 5. maxick<, [t(me, k) —t(c, k)] is the total waiting time of job ¢ for se-
quence wc processed on machines My, -+, M..

Remark 5 provides a simple interpretation of (11), which is a necessary (but
not sufficient) condition for (4).

Assume o=@. Then (4)©maxicie, [((ab, k)—i(0, k)=Za, =2, - -, m).
One can also show that, for =0, (6)<maxi<i<m [t(ab, k) —t(b, k)]<am. This
last equivalency can be read as: if the total waiting time for the last job of sequence
ab operated by machines My, -+, M, is less than a., then eliminate all sequences
b, -, a

4. SOME REMARKS ON BAGGA-CHAKRAVARTI’S ELIMINATION METHOD

THERE ARE PUBLISHED elimination methods that fail to produce optimal solutions
(see references 5 and 7). For example, P. C. Bacga anD N. K. CHAKRAVARTI!
give an elimination method based on the criterion

A= . k=2, ---,m) (12)

It will be shown that (12) may eliminate all optimal solutions.

Consider the following 3 X4 example with the operating times shown in Table
I. [One can also find a counterexample by using (8) and (9), but its dimensions
would be at least 3X5.]
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TABLE I
OPERATING TIMES FOR THE EXAMPLE
M, M, M;

P 1 5 6
q 3 5 2
r ——5— 2_ 3
s 2 7 5__

According to the algorithm, we have to determine which jobs cannot occupy the
first position. Setting ¢=#, select p as job a and jobs ¢, 7, s, as job b. Find
t(ab, k) and t (b, k) for all possible b.

Consider Table II. Here o =0, a=p, b=g¢, and Ay=t(pg, k) —t(q, k), k=1, 2, 3.
The numbers above the operation times are the corresponding completion times
defined by (1). So, for instance, t(pq, 2) =max[t(pg, 1), t(p, 2)]+¢g=max (4, 6)
+5=11, t(pg, 3) =max (11, 12)+2=14, t(p, 3) =6+6=12, t(pq, 1)=14+3=4,
t(g, 2) =3+5=8.

TABLE II
M1 Mg Ma Ml M? Ma

p 11 56 612 q 3.’! 58 210

q 34 511 214

We have A;=11-8=3=p,=5, A;=14—10=4<p;=6. Since (12) holds, ¢
cannot occupy the first position.

In the same way, we eliminate jobs 7 and s from the first position. Hence only
job p can be on the first place. We start with o= (p) sclecting as jobs a and b
either two of the jobs ¢, r, s. There are six possible cases; condition (12) holds
only for two. See Table III:

TABLE IIT
M, M, M, M, M, M,
P 11 56 612 P 1 56 612
q 34 511 214 r 56 28 ?315A
r 59 213 3 s 28 715 520
P 11 56 612 P 11 56 612
r 56 28 315 s 2 718 518
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