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Abstract: This paper considers the case in which one wishes to determine a schedule for a two-facility
sequencing situation internal to computer systems. For such a problem the total time involved in both
calculating an optimal sequence and performing that sequence may ‘sometimes exceed the total time
necessary to simply select and process an arbitrary sequence. Linear decision procedures are presented so
as to determine whether calculation of an optimal schedule is really worthwhile. Computational aspects

of the procedures are also discussed.

® Sequencing problems which occur in industrial systems
have been extensively investigated in the fields of operations
research and industrial engineering [1]. The resources of a
computer system can be considered as machines (or facilities)
and most of the sequencing techniques developed for
machine shops can be applied to improve the computer
system’s performance. As an example, a computer system
can be viewed as composed of a central processor and input-
output unit; when the computer system is multiprogrammed
and each program (job) requires processing first on the
central processor and then on the input-output unit, pro-

grams can be scheduled as in a 2-facility flowshop problem.

Examples of this approach where operational research
techniques have been used to improve the resource utiliza-
tion of a computer system can be found in References
{21 - [6].

In a computer system the overhead associated with the
computation of optimal (or sub-optimal) schedules for
sequencing tasks can become significant. Assume that n
jobs are to be processed onm facilities according to some
given job precedence constraints. Suppose that we have two
algorithms OPT and HEU which generate optimal and non-

‘A preliminary version of this paper was presented at the Second
Sagamore Conference on Parallel Processing, Sagamore, New York,
1974. This research was performed while the author was at Rice
University with partial support from NSF under Grant GJ 36471.

optimal schedules respectively. (An optimal schedule mini-
mizes the time required to process all the jobs.) Let the job
completion times be Tppr and Tygy and the overheads for
for computing the schedules be OVppr and OV gy for
OPT and HEU respectively. Since usually Topr < THEU
and OVopr > OVygy and the total completion times are
Topr + OVopr and Tyry +OVyugy when we use OPT and
HEU respectively, naturally the question arises: Under what
circumstances is OPT better than HEU (i.e., Topr + OVoPT
< Tygy + OVygy) and how do we decide these circum-
stances? In this paper we first consider the 2-facility flow-
shop sequencing problem and develop decision procedures
to resolve the above question; then we suggest extensions
to the general M-facility problem. For our purposes we
assume that HEU consists of picking an arbitrary permuta-
tion schedule and hence OVygy = 0.

The following notation is used for the two-facility
sequencing problem. There are n independent jobs 1,2,3,...,
n which are to be processed first on F, and then on F.
Job i requires a; and b; units of processing on F; and F
respectively. A schedule (i, j,...,jn) represents the
situation where the processing sequence of jobs on both the
facilities is jy, ja, . .., J,. C(S) is the completion time for
the schedule S. Johnson [7] gives an algorithm to generate
an optimal schedule which minimizes the job completion
time. Assume that the overhead involved in obtaining an
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opﬁmal schedule be OVJ. For notational convenience let
suiN = (1, 2,3, ..., n) be the optimal schedule derived by
the Johnson’s algorithm and hence Syqax =, n-1,...,2,1)
maximizes the completion time. Let Ty and Torp be
the completion times of an optimal and arbitrary schedule
respectively. When we have

Tum +OVI 2 TyRp 1
no optimal schedule need be computed. Note
- OVI 2 Tyax - TMIN )

where TMax is the completion time of a schedule which
maximizes the completion time, implies (1) since Tmax -
TMmN = TArB - TMIN- If it is possible to determine condi-
tions under which (2) holds we can develop decision
procedures to decide whether to compute an optimal
schedule or process jobs at random. Though T* = T)qax -
TN can be computed using the Johnson’s algorithm this
would entirely defeat our purpose of developing criteria to
decide when not to compute an optimal schedule (since an
optimal schedule will inevitably be generated in the course
of any such computation). Instead of computing T* we
calculate upper bounds on this quantity and use these
bounds to decide when not to compute an optimal schedule.

Theorems 1 and 2 give upper bounds in terms of job -

processing times and evaluation of these upper bounds does
not require generation of optimal schedules.
We need the following definitions for Theorem 1. Let

a,-! >a,-’ 2 .. .>a,-"_‘ ?a,'" and

bi, 2bj,=...>bj,  >b, wherei, #igandj, #

Jq forp #q.
Define:
m =n-2/2 for evenn,

=n-1/2 for odd n.

AMAX =a;, ta;, +...+q; forn>2,

=0forn=2.

AMIN =aj,,,, + t...+a; foroddn,

aim«t s

=g; ta; +...+a; forevenn#2,
m+s m+4 n

=0forn=2.

Similarly Byax and Byin are defined by replacing 4,
@ and i by B, b and j respectively. Note Amax(BMax)and
AMIN(GB wIN) are simply the sums of the first m large and
the last m small numbers taken from the set {a,, a,,...,b, }
(11, by,..., by }) respectively.

A = AMAx- AMIN * BMax -BMIN forodd n,
= AMAX - AMIN * Bmax - BMIN +Max {q;,,, -

% pnt Dimi ™ Dimes } for even n.
Theorem 1: Tyax - TMIN S A.

Before proceeding to the proof of the theorem we need
some network concepts. It is possible to represent a schedule
by.means of a network [8]. (Such a networkis essentially
the same as the project network encountered in CPM or
PERT). In Figs. 1a and 1b equivalent networks for a
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single job-and a sequence (1, 2) are shown respectively.
In Fig. 1b, node J; ; represents the initiation of jobion F;
and the weight of the longest path from 1 (/) to [;;
gives the (earliest) time at which job i can be initiated on
Fj .In our equivalent networks only the longest paths be-
tween 1,2 and 1',2' are considered since they represent all
.the essential information we need regarding the schedule.
Fig. 1¢c shows an equivalent network representation for the
schedule S = (iy; iz, ..., Ip). The completion time of the
schedule (1, i,,i2, . . ., ip,n) = (1,5,n) can be given in terms
of ((S) by calculating the longest path of the network
shown in Fig. 2.Now we prove the theorem.

.

(This follows from the Johnson’s algorithm.) Smce k-21is;
odd, the theorem holds and we have

OShiax) - CSMIN) < AMax - AMIN +Buax - Buin ()

where Ajax, AMIN,BMax and By are computed for the |
k-2jobs 2,3, .. k-1,

Note C(SmiN) = Max{a; + Ty +ag + b, a; + C(SMIN) +
bk,al +b1 + T2 +bk} andC(SMAx)=Max{ak + Tl + a;
+b1,ak +C(SlL{Ax)+bl,ak +bk + T2 +b1 }fromFig.3.

c(1,5,n) = Max{a, + T, +a + b,
1 1 n n
a]+C(S)+bn,
a|+bl+T2+bn]

Fig. 2.

Proof: The theorem is proved for odd n. The proof follows

the same lines for even n."Proof is by induction.

Basis: n=3.

TMiN= OSMIN) = C[(1,2,3)] =Max{a, + b, +b, + b3,
a, +a2 +b1 +b3,a, +a2 +a3 +b3}

Tmax= C(SMax) =C[(3,2,1,)] =Max{as + b3 +b; +b, ,
as +a2 +b2 +b,,a3 +a2 +al +b1 }.

Hence Max{a; —a;,a3 ~ay +b; -b3, by -b3} > Tyax -
TMin- (We are using the inequality Max {X; - Yy, X; - Y5,
o Xp-Yp }2Max {Xi, X5, ..., Xp} -Max {Yy, Y5,
,Yp ). Leta; >ai, >a;, and so Ayax =4, and AN

=q;,. Similarly let b; >b;, >b; and so Byax =b;, and
BN = b;,
Since a;, -a;, (bj, - bj,) represents the maximum possi-

ble difference between a;’s (b;’s) it follows that a;, - a;, +by,
-bj, >Max{as ~ay,a3 ~ay +by-b3, by-b3),ie, Ay x-
Avin * Bmax - Bygn 2 Tyax ~ Twn-

Induction Step: Assume that the theorem is true for all
numbers that are odd and less than k. We show the theorem
istrue forn=k.
We have SN =(1,2,3, ..., k-1,k) and Spax =&.k-1,
., 3,2, 1) Forthe k-2 jobs 2,3, ...,k-1, it is obvious
that SyaN = (2,3, ..., k-1)and Spqax = (k-1,...,3, 2),
minimizes and maximizes the completion time respectively.

Fig. 3.

Hence C(Smax) - C(SMIN) < Max {b; -bg, ag - a; +
QSmMax) - O(SMIN) + by ~ by, ag -a, }. Since Min(ag, by)
- Min(a,, by) =0 (because of the Johnson’s algorithm) we
have Max(ax - a,, by - bg) > 0. The above inequality
reduces to

((SMAX) - O(SMIN) <ag -a; + C(Smax) - C(SMIN)
+ bx - bk (4)
(3) +(4) = Tmax - TMIN < (AMAX *ax) - (AfaN +a1) +

(BMax +b1)- (BMIN + bk)< AMAX - AMIN +BmAX -BMIN:

When all the jobs are identical A becomes 0O and the
equality holds in the theorem. Only in this case the equality
is reached. Consider the evaluation of A. In [9] it is shown
that the median of n numbers can be found within 5.43n
binary comparisons. Treating additions and comparisons as
operations to find Apqax - AMIN approximately 6.43 n
operations are needed. Hence computation of Arequires2*
(6.43n) or approximately 13n operations. However, an
optimal schedule can be found by the Johnson’s algorithm
using the techniques of Szwarc [10] and Ford and Johnson
[11] with approximately nlog,n - 0.5n operations. (It is
assumed that n numbers can be sorted with nlog,n - 1.5
comparisons [12]). Hence in order that the evaluation of &
is meaningful we should have 13n < nlog,n - 0.5m, i
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n > 2135 = 12 X 10%. Therefore it is clearly impractical to
substitute A for Tiyax- TmiN in (2) and develop decision
procedures to decide when not to compute an optimal
schedule. However the following corollary to Theorem 1
gives a more practical method of obtaining an upper bound
on T*

Corollary 1: Let amax and aqN (bMA X and byyN)be the
maximum and minimum of g;’s (b;’s). Let a* = apmax -
amiN and b*=byax - bmiN. Then § =m'@* +b*) > A >
T* where m' =Ln/2_1 (Note m' = m if n is 0dd; otherwise
m = mtl).

Proof: The corollary follows by observing mayax >
AMAX, AMIN 2 mapMiN and hence ma* > Ayqax-AMIN.

Since a* and b* can be calculated with approximately
3n operations [13],8 can be evaluated with 3.5n operations.
(Note multiplication by m' is considered as m' addition
operations.) Thus it is possible to develop practical proce-
dures using & in (2). Later on we present procedures
incorporating decisions of type (2) and analyze their perfor-
mance. The following theorem derives upper bounds on T*
using the idle times on the facilities and does not rely on
the properties of the Johnson’s algorithm. It is simpler than
Theorem 1 and often offers tighter bounds with less
computation.

Theorem 2: Min{D™+ a* D' +b*} > Min{amax, bmax}
+Min{D" -amn, D* - bmin } = T* where

D* = Z (b; - a;) for i such that b; - g; > 0 and
D™ = X (a; - b;) for i such thata; - b; > 0.

Proof: Let Iyax and IypN be the total maximum and mini-
mum idle times on both the facilities respectively. Then it
follows

IMax= 2Tmax - ( 2o+ Y b,-')
i i

ImiN =2TMIN - ( 2o+ Y bi)
i i

and so
Tmax™ TMiN = (Imax -IMIN) /2 - ®)

TviN > MaX( D ai+bmiN, Y, bi tamIN ) ,
i i

Since

Iin >Max( 3 @i-bi) +2byin

I

2 bi-a)+ 20M1N> (6)
i
For any schedule §=(1,2,3,. .., n) there exists ajsuch that
C(S)=ay +ar +.. . +aj+bj+bj,y +...+ by,

I1<j<n.

Hence the total idle time 7 for S is (Fig. 4):
I=(a1 +a2 +_,,+a/)—(bl +b2 +"'+bi'l)

Gy +bjat. .. +b,,)-(a/+,+a;+,+ oot by)

j n
=2 @-b)+ 3 (bi-a;)+2m;

i=1 i=j+1
/-1 n
=2 (@-b)+ 2 (bi-a;)+2a;
iml i=j
Fy o *2 1 " L *n
, by b, b5 ] .
- r(t)
-

Fig. 4.

letD = E | (a; - b;) |. It follows that for any schedule S,
i

I<D +2Min (amax, bMAX)-

Thus  Iyax <D +2Min (@pax, bMax) - )

Subtrécting (6) from (7) we get

IMAX-IMIN < 2Min(@max, bMAX) - Max(2byN - 2D°,
2miN - 2D7).

Combining the above equation with (5) we get the theorem.

The calculation of upper bounds on T* using Theorem 2
involves approximately 5n operations. Hereafter only Corol-
lary 1 will be used for our purposes. Now we show how the
upper bounds on 7* can be used in practice. As mentioned
before OVIJ, the overhead to compute an optimal schedule,
involves approximately nlogyn - 0.5n binary comparisons.
Each comparison between two quantities say g; and g;
consists of the following basic operations:

1. Compute indices i and j for which 4; and g; are to be
compared.

2. Fetch g; and ;.
3. Compare g; and g;

4. Store a; and g; in their proper locations.

Assuming that it takes two machine operations for steps 1,
2 and 4 and a single machine operation for step 3, each
comparison takes (at least) 7 machine operations. If a;’s and
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b;'s are expressed in machine operations, Corollary 1 implies

that if
7(nlogan - 0.5n) > m' (@* +b*) ®)

there is no advantage in computing an optimal schedule. For
n = 127, (8) becomes 91 > (a* + b*). The inequality (8)
can be interpreted as follows. When all the jobs are identical
it is obvious that there is no need to schedule them and
a* = b* = 0. It is intuitively clear that if the job processing
times are almost the same and jobs are almost identical to
each other, again there is no need to compute a schedule
since the completion times of different schedules will be
almost the same. a* and b* give a measure of how similar
the jobs are to each other and (8) provides a quantitative
rule by which we can decide when the jobs are no longer
similar to each other and the schedule times are no longer
close to each other (temporally). When n = 127 as long as
the sum of the “spreads™ between the processing times on
F, and F, is not greater than 91, there is no need to
compute an optimal schedule. If we know that (8) will
always hold for any set of jobs we can avoid using Johnson’s
algorithm altogether.

In practice the computer system processes jobsets for
which (8) may hold sometimes. It may not be possible to
predict whether (8) holds or not for a given jobset. In these
situations 2* and b* have to be calculated and this adds to
the overall overhead. The following procedures takes into
account overheads incurred in such calculations and makes
a decision as to when to compute an optimal schedule in
these situations. For convenience assume that the basic
time unit is the time to make one binary comparison and
a;’s and b;’s are given in terms of these time units.

Procedure:
1. Compute m'(a* + b*).

2. Compare m'(a* + b*) and nlog,n - 4n. If m'(@* + b*) <
nlog,n - 4n, go to 4.

3. Compute an optimal schedule. Go to 5.

4, Process the jobs at random (without calculating an
optimal schedule). Stop.

5. Process the jobs according to the optimal schedule
computed in 3. Stop.

The Procedure is shown schematically in Fig. 5. If steps 1,
2 and 4 are followed 3.5n operations are involved. On the
other hand we require nlog,n + 3n operations when steps 1,
2, 3 and 5 are followed. (There is no specific reason for
choosing nlog,n - 4n in step 2; different choices lead to
different performances of the Procedure.)

Let us consider the Procedure and decide under what
circumstances it yields a performance improvement over a
procedure which computes an optimal schedule all the time.
Assume that the computer system processes jobsets Sy, Sa,
..., Sg with each jobset containing n jobs. The optimal
schedule time for S; is C;. R; is the schedule time of a

Procedure

Compute
&= m'(a% + b¥)

3.5n operations

Process
Optimally

Process nloqzn - .5n

Randomly

operations

3.5n Operations nlogzn + 3n wﬁr.lloﬁl' .

Fig. 5. o
random schedule for S;. Let k = k; + k, where k; is the
number of times the Procedure computes an optimal -
schedule (i.c., takes the no branch in Fig. 5) and k; the
number of times the Procedure decides to process the jobs
randomly (i.e., takes the yes branch in Fig. 5). Assume that
the jobsets are numbered so that for Sy, S3,. .., Sg,the -
optimal schedule is computed.

The total completion time 0, for all the jobsets when the
Procedure is used is:

0, =ky(nlogan +3n) +k,(35n)+ C, +C, + ... +
Ce, ¥R+t T Ri4s +...+Rg.

The total completion time 0, when Johnson’s algorithm is
used is:

0, =k(nlog,n -05n)+C; +Cy + .. .+ Cy.
The percentage improvement in the total completion time
when the Procedure is used is given by P = (0;- 0,)/ 02 X
100%.

0, - 0y = ky(n logyn - 0.57) - k(3.5n) + (Ck .+ 1~ Ris D)

+...+(Cx - Rg).

Let RC; = (R; - Cy). Note nlogyn - 4n > RC; > 0 for i = kil
ki +2,..., k. Assume that

RC=(RCy o1+ RCr,a3 *. ..+ RCr)/ky and

C= (Cy +C, + ...+ Cp)k exist when k. Then for
sufficiently large k we have

_ ky(nlogyn - 0.5n) - k(3.5n) -k, RC
k(nlog,n - 0.57) + kC

P 100%

_ q(logzn - 0.5 - RC/n)-35

- 100% whereq =k [k -
(logan - 0.5) + C/n 0 ="

e

318

AIE TRANSACTIONS, Volume 8, No.3.



The implications of selecting a quantity for comparison
with m'@* + b*) in step 2 of the Procedure can be seen
from the expression for P. (As mentioned before our choice
of nlogan - 4n for this quantity is arbitrary,) Denoting this
quantity by Q we see that as Q increases (logan - 0.5 -RC/n)
decreases but g increases. The correct selection of Q to
ensure optimum performance depends on the nature of the
jobsets and may have to be determined experimentally in
practice.

The dependence of P on q and C/n can be illustrated
by means of an example. Let n = 127. Then 3 > RC/n =0.

Assume RC/n =1. Then 5.5¢-35

P ss+Chn
Hence ¢ > 3.5/5.5 = 0.64 in order that P is positive. This
means that a performance improvement is possible only if
the nature of the jobsets is so that for approximately two-
thirds of them the Procedure should not compute an optimal
schedule, i.e., the job processing times a;’s and b;’s are such
that 3n >m'(@* + b*) or 6 > (a* + b*). Figure 6 shows how
Pvaries with respect to C* = C/n, the mean flow time and q.
Note P decreases as C* increases; this is to be expected since
overheads become negligible as the average schedule time
increases. It may be noted that P may not appear to be high.
This is partially due to the fact that the computational
complexity of the Johnson's algorithm is very low. However
the point to be noted is that it is possible to develop
scheduling procedures which perform better than the ones
which schedule optimally all the time.

The computer system can be made to keep track of
parameters like g, C* RC, etc. and adapt itself to the
situation by choosing appropriate scheduling procedures. So
far we are concerned with the two-facility problem. For the
M-facility problem Nabeshima [14] gives an ingenious

24 r

X 100% .

20

t
Ping 12

Fig. 6.

method for finding upper bounds on the completion time
using the Johnson’s algorithm. By using Nabeshima’s tech-
niques it is possible to evaluate upper bounds on T* with
computational complexity of o(Mnlog,n). Since there are
no general computationally simple optimal algorithms to
solve the M-facility problem for M > 2, the upper bounds
can be used to decide whether heuristics should be used to
generate a schedule or process jobs at random.
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