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The branch-and-bound technique of LiTTLE, ET AL. and Lanp anp Doia
is presented and then applied to two flow-shop scheduling problems. Com-
putational results for up to 9 jobs are given for the 2-machine problem
when the objective is minimizing the mean completion time. This prob-
lem was previously untreated. Results for up to 10 jobs, including com-
parisons with other techniques, are given for the 3-machine problem when
the objective is minimizing the makespan.

N M-machine job shop is said to be a flow shop if (1) all jobs are
processed once and only once on each of the M machines and (2) a
job’s processing on machine 4 must precede its processing on machine B,
its processing on machine B must precede its processing on machine C, ete.
For M =2, the objective will be scheduling a given set of jobs so that the
mean of their completion times is minimized. For M =3, the objective
will be scheduling a given set of jobs so that the completion time of the last
job to be completed (called makespan or schedule length) is minimized.
Minimizing makespan is equivalent to minimizing idle time on the last
machine. By use of the branch and bound technique (used by LiTTLE,
Murry, SWEENEY, AND KAREL" on the traveling salesman problem and by
Lanp axp Doic™ on LP problems where some variables must have integer
values), schedules that achieve these objectives can easily be obtained. It
is felt the branch-and-bound technique is at least competitive with other
methods (GieLio AND WaGNER,”™ Dupex anp Truron™) for minimizing
makespan. We know of no other method (short of complete enumeration)
for the mean completion-time problem.

In order to use the branch-and-bound technique, one must be able to
describe the problem as a tree, in which each node represents a partial
solution. In addition, one must be able to write, at each node, a lower
bound on the objective function (makespan or mean completion time) for
all nodes that emanate from it. First it will be shown how the two flow-

* This work was supported by the National Science Foundation under Contract
No. NSF-GP 2729.
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shop problems that have been posed can be viewed as trees. Then a lower
bound function for the 3-machine makespan problem will be given and the
branch-and-bound technique described. A lower bound function for the
2-machine problem and computational results conclude the paper.

FLOWSHOP PROBLEMS AS TREES

It HAS been shown (see Jorxson™) for the 2-machine mean completion-
time problem™ and for the 3-machine makespan problem, that the jobs
should be processed in the same order on all of the machines. Therefore,
if there are n jobs in a jobset, each of the above problems is one of finding
an optimum permutation or sequence of the integers 1, 2, - - -, n. The first
node in the related tree structure corresponds to not having committed
any of the n integers (i.e., jobs) to any position in the sequence. From
this node there are n branches corresponding to the n possible integers
(jobs) that can be assigned to the first position in the sequence. From
each of these nodes there are n—1 branches corresponding to the n—1
integers available to be placed in the second position, etec. Thus one can
see that there are n! possible sequences or permutations, and
1+n+n(n—1)+---+n! nodes in the entire tree.

A LOWER BOUND FOR THE MAKESPAN OF ALL NODES EMANATING
FROM A GIVEN NODE

IN TE 3-machine makespan problem, each node represents a sequence of
from 1 to n jobs. Consider node P, corresponding to sequence J,, where
J, contains a particular subset (of size r) of the n jobs. Let TiMe4(J,),
TiMeB(J,), and TiMeC(J,) be the times at which machines 4, B, and C
respectively complete processing on the last of the » jobs in the sequence.
Then a lower bound on the makespan of all schedules that begin with
sequence J, is:

TiMEA (J,) +Z.7, a;+miny, (bi+c:),
LB(J,) =max | TtMB(J,)+2_y, b;+miny, ¢, ,
tMEC (J,) + 227, €

where a;, b;, and ¢; are the processing times of the sth job on machines 4,
B, and C respectively, and J, is the set of n—r jobs that have not been
assigned a position in sequence J,. LB(P)=LB(J,) is a lower bound on
the makespan for any node that emanates from node P, since all such nodes
represent sequences of from r+1 to n jobs that begin with sequence J,.

* Although Johnson’s 2-machine proof is for makespan, it clearly holds for mean
completion time also.
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THE BRANCH-AND-BOUND TECHNIQUE

TuE VERSION of the branch-and-bound technique that was used is basically
this: Keep a list of nodes ranked by lower bound such that the node with
the smallest lower bound is first. Also keep a set of attributes (the jobs
that are in the sequence-in order, TiMmeA, TiIMEB, TIMEC, etc.) for each
node. Begin by having on the list only the node that has scheduled none
of the jobs. Update the list recursively as described below until an opti-
mum is reached. (1) Remove the first node from the list. (2) Create a
new node for every job that the ‘just removed’ node has not yet scheduled.
Do this by attaching the unscheduled job to the end of the sequence of
scheduled jobs. (3) Compute the lower bounds and other attributes for
these newly created nodes and insert them ranked on the list. (4) Go to 1.
The first time that a node that has scheduled all # jobs is first on the list,
the problem is solved: that node’s sequence is an optimal one.

An Ezxample
Consider the following 4-job, 3-machine problem when the objective is

minimizing makespan. The tree and list that are obtained in solving it by
branch and bound are given below.
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LIST@
Node %gr;é TIMEB TIMEC Disposition
o — — — Branched from
1 55 16 28 Branched from
2 55 19 35 Branched from
3 71 35 42
4 63 8 9
21 55 23 43 Branched from
23 62 42 49 Branched from
24 63 25 36
213 63 61 63
214 64 57 64
12 56 36 48 Branched from
13 72 48 55
14 64 22 29
123 63 61 63
124 64 57 64
231 62 6o 62 An optimal sequence
234 63 51 63

@ The nodes are listed in the order of their creation; ot in lower bound order.

In the example, if a newly created node and another node had the same
lower bound, the newly created node was put before the old node on the
list. The lower bounds are written next to the nodes on tree. Note that
node 231’s lower bound, which is the makespan for sequence 2314, is less
than or equal to the lower bound of any other ‘unbranched from’ node in
the tree (or on the list). For example, it would be impossible for a se-
quence beginning with job 4 to have makespan <63, and 62=<63, so there
is no need to explore any sequences that begin with job 4. The same
applies to the other nodes, so 231 is optimal.

If either node 213 or node 214 (the two nodes emanating from node 21)
had had a lower bound of 55, the problem would have been solvable with a
minimum of effort. 144-+3+42=10 nodes would have been created and
a maximum of 3+2-+42="7 nodes would have been on the list. In general,
a minimum of 34 n(n+1) nodes must be created and, in this case,
14 n(n—1)+1 nodes will be on the list. The worst possible case would
require the creation of all 14+n-+n(n—1)+---+n! nodes while having »!
of them on the list.

DOMINATED NODES

TaE AMoUNT of searching of the tree can be reduced still more—some nodes
can be discarded even though the lower bound associated with these nodes
may be less than the value of the optimal solution. In the 3-machine
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makespan problem, let J, and I, be two different sequences, both contain-
ing the same r jobs. Clearly, TiMeA (J,) =TiMEA (I,). If TIMEB(J,)=
TiMEB(I,) and TiMEC(J,) STIMEC(I,), then any schedule which contains
I, at the beginning cannot be hurt by replacing I, with J,. We will say
that J, dominates I,. The result is that node I, can be discarded as soon
as node J, is created even if the lower bound for I, is less than the value
of the optimal solution obtained at the end of the calculations. Nodes can
be discarded in much the same manner when the branch-and-bound tech-
nique is applied to the 2-machine mean completion time problem (and to
the traveling salesman problem, etc.).

At the time it is discovered that a node is dominated, the work of
creating it has already been done. The saving results from (1) not branch-
ing from dominated nodes and (2) not inserting them (or nodes that would
result from branching from them) on the list. In our example, node 12 is
dominated by node 21. Therefore, it was not necessary to branch from
node 12 to nodes 123 and 124, even though LB(12) =56, which is less than
62, the makespan of an optimal sequence. And nodes 12, 123, and 124
need not have been inserted on the list. In the 2-machine case, 10 jobsets
of 8 jobs each™ were run, first discarding dominated nodes (but not search-
ing past I,’s position on the list or saving ‘branched from’ nodes—see next
paragraph) and then without discarding them. When no dominance
checks were made, the number of nodes created went up about 15 per cent
and the maximum list size about 80 per cent. (In the first runs, about
30 per cent of all nodes created were discarded as dominated.) It was also
observed that, the harder the jobset (in the sense that more nodes had to
be created), the larger the percentage saving in nodes created and maxi-
mum list size resulting from discarding dominated nodes.

While searching down the list for the place to insert a newly created
node, I, it is easy to check for dominance. If a node is discovered in this
searching that dominates I,, then I, is discarded rather than inserted. (It
should be clear that I, cannot dominate a node with a smaller lower bound.)
After I,’s place on the list has been found, the search down the list could
be continued in an effort to find nodes that I, dominates. Also, ‘branched
from’ nodes could be saved on a separate list and compared with I, to see
if any of them dominates I,. (Saving ‘branched from’ nodes would be
necessary if node 12 were to be discarded in our example.) Both these
last two procedures would involve more searching than is necessary just to

* For the manner in which these jobsets were generated, see the section ““Genera-

tion of Jobsets for M=2, Mean Completion Time.”” The parameter values were
p=0, K=1.,



