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Abstract. The three-machine, minimum makespan, permutation flow shop with no wait in process 15
shown to be NP-hard in the strong sense. Thas settles a well-known open question in scheduling theory.
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. Introduction

A flow shop instance consists of m machines M, (g =1, ..., m), a set J of n jobs,
and m-n nonnegative integers p,, (g =1, ..., m; j € J) where p,, specifies the time
required by machine M, for processing job j. Each job is to be processed on all
machines My, M, ..., M, in this order.

A schedule for a flow shop is an allocation of the given processing requirements
to intervals of the nonnegative real-time axis such that each machine processes at
most one job at a time, and each job is being processed on at most one machine
at a time. In a permutation schedule, the jobs are processed in the s5ame order on
each machine; that is, no passing among jobs is allowed. The finish time or Jength
of a schedule is the first time after which no more processing occurs. In the various
branches of deterministic machine scheduling research, the minimization of sched-
ule length is one of the most commeonly used optimality criteria,

In some applications of flow shop scheduling, jobs must undergo continuous
processing -from their start on M, to their completion on A4, without any
interruption on or between machines. This additional restriction may be due to
the absence of intermediate storage capacity, or may be inherent to the processing
technology itself. An example is hot metal rolling, where interruption would
preclude the maintenance of continuously high operating temperatures. A schedule
that satisfigs this restriction for each job is called a no-wait schedule. We face the
folowing problem.

No-Wait Flow Shop: Given a flow shop, find a minimal-length no-wait
permutation schedule.
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This problem has been studied by many authors. One of its early recognized
interesting features [L 1, 12, 18] is its equivalence to the traveling salesman problem
with 72 + 1 cities, v € V, = {w} U J, and (asymmetric, triangular) intercity distances

I=ism

H -1
C'(j, k) = max { Po— % pgk}, (J, kY € Vo x Vo, (1
g=1 =0

where pp,, = 0 (g = 1, ..., m), po, = 0 (j € ¥); and also, as a consequence, its
solvability for fixed m = 2 in O(nlogr) time by an algorithm due to Gilmore and
Gomory [4]. This constitutes one of the few known tractable cases of the traveling
salesman problem.

So what about more than two machines? Complexity analysis in this direction
was first done by Lenstra, Rinnooy Kan, and Brucker [8], who established NP-
hardness in the strong sense for variable m, followed by Papadimitriou and
Kanellakis [10], who obtained the same result for any fixed i = 4. Polynomially
tractable cases in which the processing times are restricted to satisfy special
structures are given in [1], [9], and [13]. Kanellakis and Papadimitriou [6] consider
the use of local search heuristics and report good experimental performance on
randomly generated problem instances with 71 = 4 machines. Polynomial heuristics
for m = 3 and fixed m = 3 with constant worst case performance ratio appear in
[13], [14], and [16]. Resulis on the tractability of other no-wait shop and related
problems can be found in [5], [10], [13], [15], and [17].

The present paper deals with no-wait flow shop under fixed m = 3. We settle the
complexity status of this missing link as NP-hard in the strong sense.

2. Approach

We use the equivalence of the tour and the scheduling problem formulation.
Therefore, let us begin by explaining this equivalence for m = 3 after putting (1)
into a suitable form.

Rewritten from (1) for m = 3 machines, with a, = py,, 8, = 12, v, = ps; taken for
convenience, we have the distances

C’(J: k) = + max{o; -81 — Ok ,Bj +y, o ﬁk}a (2)

(i, k) € ¥V, x Fy, where a,, = 8y, = v, = 0. Addition of a; — a;, to eq. (2) does not
change the length of any tour and leads to the equivalent distance formulation

C"(Jj, k) = B, + max{0; ex — B85 v, — Bu- (3)

Interpreted in scheduling terms, the intercity distance C’(j, k) is the time span
between the start of job j on the first machine M, and the earliest time at which
job k can start on that machine (without violating the no-wait restriction), when k
1s scheduled next after J.

C”(j, k) is the analogous time span for the second machine M., as illusirated by
Figure 1b. Note also that the max term in (2) and (3) expresses the amount of idle
time incurred on the respective machine between completing job j and starting job
k. City v, represents a dummy job with zero processing time on all machines. The
position of city v, in a traveling salesman tour T marks the start and finish of a
corresponding no-wait schedule 57 (see Figure la, c) obtained by processing the
nondummy jobs in the order in which they are visited on T after vo. Thus, the
length of T with respect to (2) or (3) equals the length of the corresponding no-
wait schedule S7. On the other hand, a feasible schedule § must sequence the jobs
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in some order that must be the same on each machine. So if S is active, that is,
each job begins at the earliest time possible according to the chosen order, the
Iength of S equals the length of the tour T that visits the nondummy jobs after v,
in this order, and if § is not active, it cannot be optimal.

In order to prove no-wait flow shop with »m = 4 machines NP-hard in the strong
sense, Papadimitriou and Kanellakis [10] developed a suitable adaptation of a well-
known technique for reducing three-satisfiability (3SAT) to certain Hamiltonian
circuit problems [3]. By employing the means used below, this approach from
3SAT could be adapted to m = 3 machines as well, showing it is NP-complete to
test whether a given three-machine flow shop has a no-wait schedule without idle
time on the second machine. Another possible alternative to come downtom =3
is to specialize in an appropriate way the well-known transformation of Vertex
Cover 10 Hamiltonian Circuit. Careful exposition of either of these approaches
would, however, take even more space than the one to be described here, which is
by reduction from the following problem (shown NP-complete by Karp [7]; see
also [2, p. 221)).

Three-Dimensional Matching 3DM): Given aset UC Y, x ¥, x Y3 of ordered
triples, where Y, Y, Y; are disjoint sets having the same number g of elements,
determine whether U contains a matching, that is a subset U* € U such that
| U’| = ¢ and no two elements of U’ agree in any coordinate.

An instance of 3DM will be called proper if and only if each element of V,, p =
1, 2, 3 occurs in coordinate p of at least one element of U. We prepare our result
in two subseguent steps. First, a construction scheme is introduced which, for a
given proper instance U of 3DM, generates a zero—ong arc-weighted direcied graph
D=(V, 4), C:4A — (0, 1] which admits a tour of length =g if and only if {/ contains
a matching. Second, we embed this construct in terms of a suitably chosen three-
machine, no-wait flow shop related distance formulation Cp: V% V' — N, Processing
times «,, 3, v,, j € V will be given which induce the values of C on the arc set
V x V of the complete supergraph Dy = (V, IV x V) of D in such a way that
(Do, Cy) inherits the above tour length property of (D, C), The term cyclic
permitation of a set X used below refers to an assignment of X onto itself which
forms a tour.

3. A Weighted Digraph Tour Transform of 3DM

Let U C ¥, x Y, x Y3 be a proper instance of 3DM with | Y| = | Yz] = | Y3l =
g > 0. The following construction penerates from U an arc-weighted digraph
(D,C),D=(V,A4),C.A— {0, 1}.

Construction

(1) Index the elements u# € U in arbitrary order as u, = (Y, ¥, Ya) r =1, ...,
| U]. Specify an arbitrary cyclic permutation ¥: R — R of the index set R =
1, ..., 11U} of U

(2) Foreachy€ Y, p=1,2, 31et R, = [r € R| y = yr} be the index set of those
elements of U that have y in coordinate p, and specify an arbitrary cyclic
permuiation ¥, = R, — R,.

(3) Let V= Uer ¥, where

Vr=l(r7i)|j=l"--18}$ rER'
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FiG. 2. Compenent ¥,

(4) Let 4 =B,U (Up_hz,g, Uyr__-yp quy) U (UrE.R L,—), where

B‘P {((ra 8)5 (ﬁo(r)’ l))lr 1S R}
B‘P {((ry 2p)3 (SDJ’(r)a 2p + 1))Ir E 'RJ’L y e Yp’ p = ls 2’ 39

L= .20~ D.0.20)lp =123, 4)
Ui 20+ 1), (n 29D 12 = L. 2, 3]
U {((1’, 2p - 1): (ra 8))][’ = 19 2: 3}, re R.

(5) Foreach arc (j, k) € A4, let
N

V has 8| U/| vertices (r, /). Those with odd / are called odd vertices; they have
indegree 1. Those with even 7 are called even vertices, they have outdegree 1. Each
element u, € U is represented in D by a subset V, of 8 vertices. Their incidence
structure is shown in Figure 2, in which odd vertices are drawn shaded and even
vertices ar¢ drawn unshaded. There are two sorts of arcs. Those in B = B, U
(Up=1.23 Uyer, Be) are called bridges (drawn with solid lines in Figure 2); they
have an even tail and an odd head. All other arcs are called links (dashed lines);
they have an odd tail and an even head vertex, both from the same component ¥,.
Notice that D has a bipartite structure with bridges going one way, and links the
other way. The bridges incident with the two vertices (r, 2p + Dand (r, 2p), p=1,
2, 3, express which y € ¥, occurs in coordinate p of u,. Notice that for each y €
Y, p=1,2,3, the links ((r, 2p + 1), (r, 2p)), r € R, and the bridges of B, form a
bridge-link alternating directed cycle E,, which visits the vertices {r, 2p + 1) and
(r, 2p) of all components V; such that &, has y in coordinate p (since U is proper,

= @ cannot occur).

Consider the remaining two vertices of V; (r, 1) is referred to as the entrance,
(r, 8) as the exit of V.. Again the links ((r, 1), (r, 8)) r € R and the bridges of B,
form an alternating directed cycle E.

Finally, observe that there are four alternative ways in which a component ¥,
can be traversed by a tour, as depicted in Figure 3a-d. Traversal according to
Figure 3a leaves the four cycles E and E, , p = |1, 2, 3, intact and has zero cost;

if (LHEWrI),(r2)|reRr],
otherwise.
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Fic 3 Traversal alternatives of compenent ¥, (a)Zero traversal. (b) 1-join traversal. (c) 2-join traversal.
(d) 3-join traversal

hence we call it zero traversal. Each traversal according to Figure 3b, ¢, or d costs
one unit of tour length and is called k-join fraversal, k = 1, 2, 3, of V; to reflect
that (in case the other components are zero traversed) it joins the first & cycles E;, ,
p=1,..., k, to £ between the entrance and exit of component V,.

With these preparations we are ready for our first lemma.

LEMMA 1. Let (D, C) be an arc-weighted digraph constructed according to our
construction from a proper instance UC Y, x Vo x Y of 3DM with } Y, = ¢, p =
1, 2, 3. Then there is a tour T in D of length (X\T) < q if and only if U contains a
matching.

Proor. (i) The if part. Suppose U contains a matching I/’ € U. In order to
see that in this case there is tour T of length ((T) < ¢ in D, let us start with the
zero weight assignment g in D which consisis of the directed cycles Ey, y € Y,
p=1,2 3, and E. These 3g + | cycles exist by the construction in D = (¥, A),
and each vertex of ¥ occurs on exactly one of them. In fact, @y consists of all
bridges and the subset of links that is used when all components V., r € R, are zero
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traversed according to Figure 3a. Now, for each triple u, € U’, replace zero traversal
by the 3-join traversal (Figure 3d) of V,. Since U’ is a matching, one link will be
removed from each cycle E,, y€ Y, p= 1, 2, 3, leaving a path E;. The replacement
will join the three paths E; , E; , and £, to E between the entrance and exit of
component V,. Therefore, the replacement must result in a tour. All arcs of ao had
weight zero, and for each i, € U’, one of the four entering links, ((r, 1), (, 2)), has
weight one; the other three have weight zero. Thus, the length of T is (X(T) =
IU'I=gq.

(i) The orly If part. Let D have a tour T with length C(T) = ¢. Then, at least
| U} — g components V, of D must be zero traversed by T, otherwise C(T) > ¢
would follow. This leaves us with at most ¢ components ¥, that may be k-join
traversed by 7. Among these traversal alternatives, the 3-join traversal is the only
way that 7 can reach three of the vertex subsets {(r, 2p + 1), (r, 2p)Ir E R}, ¥ €
Y, p=1, 2, 3 at the cost of only one unit of tour length. In total, there are
| Y1 + | Y] + | Y3] = 3q such subsets to be accessed, each from at least one com-
ponent V; otherwise, T cannot be a tour. To see this, suppose to the contrary
that for some y€ Y, p= 1, 2, 3, T would zero traverse (Figure 3a) all components
V;, ¥ € R;. Notice that R; # @ since U is proper. Then T would use all the links
((F, 2p + 1), {F, 2p)), r € R;. Furthermore, T, like any tour, must use all bridges.
Thus, these links together with the bridges of B, form a directed cycle £;. Therefore,
T would fail to be a tour, since Ej is a subtour. With a total tour length of at most
g units, it follows that 7" must 3-join traverse (Figure 3d) exactly ¢ components V,,
no 1- or 2-join traversal (Figure 3b or ¢) can occur, and each of the 3g vertex
subsets is accessed from exactly one of the ¢ 3-join-traversed components. This, in
turn, implies that the subset U7 of elements 1, € U such that F, is 3-join traversed
by 7, is a matching, O

4, Embedding in Terms of No-Wait Flow Shop Distances

Now we wish to express the arc weights C(J, k) of C: 4 — {0, 1} defined in step (5)
of our construction as three-machine no-wait flow shop related job distances. A
distance formulation suitable for this purpose is

Coljy Ky = max{0; ax — B3 v, — By, (L KEVXT (4)

It is derived from C”(j, k) as given in (3) by subtracting §,, the processing time
of job j on M>. Thus, it represents the duration of the idle time span incurred on
the second machine M, between the completion of job j on M; and the earliest
(no-wait-feasible) start of job k on Mz, when k is scheduled next after j in a three-
machine no-wait flow shop schedule (see also Figure 1).

The crucial point in specifying appropriate processing times «;, 8,, v, j € V, is
that we have to deal with the compiete supergraph Dy = (V, V'x V) of D = (V, A).
In order to keep the set of tours with length =g in (D, Cp) identical to the set of
tours with length <g in (D, C), the values taken by C; outside the domain A of C
must ensure that no tour of length <g in (D, Co) can use any arc outside A.

To this end, observe that CoJj, k) is independent of both o, and i Thus, if we
use unique values of 8,, j € ¥, we can calibrate the arc weights incoming to j by
«;, and independently calibrate the arc weights outgoing from j by v,. Also, by
making g, high for odd vertices and low for even vertices we can preserve the
alternating character of the odd vertices as bridge heads and link tails, and of the
even vertices as bridge tails and link heads. These basic ideas lead to the following
way of associating processing times o, 8, v, to the vertices of the digraph D =
(V. A) generated by the construction.
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Specification
(1) For each vertex (r, i) € V, put

By = (n+i+8r-=1)g if iisodd,
D1+ 8(r — 1)g, otherwise.

(2) For each vertex (r, [} € V, put

[ﬁ(,,,), if i=8,
Afr,y = l 3(,,,-1), if i= 2, 4, 6,

8, so that (1, (v, 1)) € B, otherwise;
1+ 6(,’2), if i= 1,

Yo = ﬁ(",'—l)y if = 3: 55 75
By so that ((r, i), k) € B, otherwise;

where n = | V| = 8| U/] is the number of vertices, g > 0 is the corresponding given
tour length limit, and B is the set of all bridges. We claim the following:

LemMa 2. Thevalues of Co: V%V~ No, as induced by (4) and the specification,
agree with C on A, Furthermore, if there is a tour Ty on Do = (V, V %X V') with length
Co(To) = g, then Ty cannot use any arc outside A.

Proor. Consider the bridges first. For each bridge (¢, A) € B we have C(t, ) =
Co(t, A) = 0 because ay, = §, and v, = 5 (see the last entries for « and v in step (2)
of the specification). Moreover, as we show now by an inductive argument, Tp is
forced to use alt bridges (i, A) € B. Consider the bridges in ascending order of 3; =
e, Of their even tail vertex / and odd head vertex /4, that is, in the lexicographic
order of their tail vertex [ = (r, 1), I even. Observe that in Ty, an odd vertex must
always follow an even vertex because we have o, > 8, + ¢ for each pair (¢, t') of
even vertices; hence Cylt, t’) > g. The odd vertex that follows the tail #, of the first
bridge must be the head &, of the first bridge, because the values of 3, = oy grow
with an increment of 2¢ in the order under consideration; thus ax > g, + ¢ for
odd A’ # hy. Assume T uses the first k bridges (11, /), .., (&, Ax). Then, all odd
vertex candidates A with a7 < f,,,, + ¢ that could follow the tail £+, of the next
bridge are occupied except one, the head 4, of that bridge. Thus, by induction,
To must use all bridges. It remains to be shown that C, agrees with C on all links,
and T, must leave each odd vertex on one of its outgoing links. To see this, we
inspect all arcs ((#, i), (7, i)) € V' x " such that (7, [} is an odd vertex, and (7, i) is
an even vertex, Suppose (7, I) comes after (+, {) in the lexicographic order of the
vertex set V. Then, by the specification, we have agp < Bpp if F=rand 7 €
{i + 1; 8}, whereas agn > B¢y + ¢ otherwise. Also, we have vy, < B¢iy with the
only exception ¢,y = 1 + B2 in case the odd vertex under consideration is the
entrance i = 1 of component V,. Now suppose (7, i) comes before (r, i). Then, we
have agpy < B, and we have vy = Ben if 7= rand i = i — 1, whereas v, >
B(F,i) + q otherwise. In tOtals we get CU((r: l)s (Fs l_)) = C((f, l)n (f: i)) if ((ra 1)9 (f: E)) €
L,, whereas Cy((r, 1), (7, I)) > g otherwise. But we know from above that in T, the
vertex that follows (r, /) cannot be odd since T uses all bridges. Therefore, To must
leave (r, i) by one of the links ((r, i), (7, i)) € L,, the only cheap way of reaching an
even vertex from an odd vertex. []

We can now prove our resuit,

THeOREM. No-wait flow shop with m = 3 machines is NP-hard in the strong
sense.
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Proor. Let U C Y, x Y, x Y3 be an instance of 3IDM, where | Y| = | Y;| =
| Y3| = g. We assume it is proper without loss of generality because otherwise U
cannot contain a matching, and obviously, properness can always be checked for
in polynomial time. Then, by our construction and specification we get a vertex set
V with three integer processing times «,, 8,, v, = 2q associated with each vertex
§ € V. With respect to the arc weights Co: V x ¥ — R, induced according to (4),
we conclude from Lemmas 1 and 2 that there is a tour Ty of length Cy(T) = g in
the complete digraph Dy = (V, V' x V) if and only if U contains a matching, It
remains to provide for an extra vertex v, with zero processing times a,, = 8, =
¥y, = 0. Select an arbitrary bridge (1, k) € B, and reset the values of v; and «; to
zero. Then, in the complete digraph with augmented vertex set Vo = V' U {v), any
tour of length =g, instead of the bridge (¢, /), must now use the two zero weighted
arcs (¢, vp), (vo, 1), because, clearly, all other arcs to or from v, get weights >g. On
the other hand, setting v7 and aj to zero madifies the induced values of Cp only on
arcs outgomg from 7 or incoming to A. Thus, the above conclusion remains valid.
In view of the relation between Cy of (4), C” of (3), and the equivalence of these
tour problem distance formulations to the no-wait flow shop problem, it follows
that the job set J := V with processing times «;, 8,, v,, j € V, according to the
construction and specification, except v; := aj := 0 taken for the tail 7 and the
head % of some bridge (¢, #) € B, has an optimal schedule $* of length =g + Z,ep
B, if and only if U contains a matching. Since the time needed for doing the
construction and specification, as well as the size of the resulting flow shop
processing times remain polynomiat in | U}, we conclude that the no-wait flow
shop problem with 72 = 3 machines is NP-hard in the strong sense. [
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