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By combining Roy’s graph-theoretical interpretation of the problem of job
scheduling on machines and some general results of his theory with the “branch-
and-bound” method recently applied by Little et al. to the travelling salesman
problem an algorithm has been obtained for the exact solution of the scheduling
problem in the case of three machines. The working of the algorithm has been
illustrated by numerical examples and possibilities of further investigations have
been indicated.

1. INTRODUCTION

THE PROBLEM considered in this paper is a particular case of a more general
problem of finding the best order of processing n jobs J;,J,, ..., J,, on m machines
M, My, ..., M,,. It is assumed that a job cannot proceed to machine M; before it
has finished being processed on machine M;_;. The processing time for each job on
each machine is given in the form of an array D of non-negative numbers d(i,j):

d(1,1), da,2), .., dd,m)
d@,1), d2,2), .., d@2,m)

(1)
dn,1), dn2), ..., d(n m)

The problem is to decide the order of jobs on each machine so that the total time
for the completion of all the jobs is minimum.

While for m = 2 a neat, simple method of finding the optimum sequence of
jobs has been given by Johnson! no efficient algorithm has been found for
locating the optimum solution in the case m > 3. In a paper by Page? different
sorting methods for solving the general problem are discussed and illustrated
by a number of experimental results. In the thesis by Roy® graph theory is
applied to scheduling problems; a number of useful results (which will be
applied in deriving the results of this paper) are obtained, but a final solution is
given only for Johnson’s case of m =2 and a few examples are constructed
to demonstrate the complications which arise in passing from m = 2 to the case
m = 3. In a recent paper by Giglio and Wagner* the work done until now on
the classic three-machine problem is reviewed and experimental results from
the application of several computational methods for approximate solution of
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this problem are summarized. The methods tested by them are: (i) integer
linear programming; (ii) linear programming with answers rounded to integers;
(iii) a heuristic algorithm based on Johnson’s method; (iv) Monte Carlo
approach.

It will be shown below that, by combining the graph-theoretical approach of
Roy? with the “branch-and-bound” method recently devised by Little et al.5 for
the solution of the famous “travelling salesman” problem, an efficient algorithm
can be given for finding the exact solution to the job-scheduling problem on
three machines with comparatively little effort. While the exact integer pro-
gramming method requires the use of a computer and in some cases leads to a
prohibitive number of iterations* the six examples discussed in this reference
can now be solved by simple pencil-and-paper calculations, some of them in an
astonishingly rapid way; thus for a higher number of jobs there should be no
difficulty in finding the exact solution very quickly with the aid of an electronic
computer.

2. GENERAL REMARKS

Before limiting the discussion to the case m = 3 it appears desirable to discuss
in Sections 2-4 some aspects of the general problem and particularly the
ingenious recourse to graph theory expounded in Chapter 9 of Roy’s thesis.3

There are n! different ways of putting jobs on machine M;, n! different ways
of putting them on machine M,, etc., so that there are (n!)™ different possible
schedules. Each schedule prescribes an order in which the jobs should be
executed on various machines and it is defined by a permutation matrix w in
which the rth column contains a permutation (wy,, wy,, ..., w,,) of numbers
1,2,....,n(r=1,2,...,m); wy, indicates which job is put as the kth job on
machine M,. Thus

Wy Wig .. Wy
Woy Woo ver Wop,

o=y . . . . @
Wp1 Wpg v Wy

By applying a simple algorithm discussed below in Section 4 we can evaluate
the length L(w) of the total time required for completing all the jobs according
to a given schedule w and repeat it for all the possible schedules; then a schedule
with the shortest length will give us the solution and, from a purely mathematical
point of view, the problem can always be solved. However, for instance, in the
case of six jobs and five machines we have (6!)° ~ 1-9 x 10'* possible schedules
and the amount of required calculations would be prohibitive even for the most
advanced computers.

Roy (cf. Reference 3, Theorem IX-2) has shown that in searching for the
optimum solution we can limit ourselves to the investigation of these schedules
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which have an identical order of jobs on the first two machines M;, M, and an
identical order of jobs on the last two machines M,,_;, M,,. This allows us to
lower considerably the number of trials in the search for the optimum to (n!)™—2
schedules. Thus, for instance, in the case of n =6, m =5 it is sufficient to
investigate 720% = 373,248,000 possible schedules. Clearly, from this theorem
follows the well-known fact that for m = 2 and m = 3 we can limit the search
to schedules in which the order is the same for all the machines, i.e. we need to
investigate only #n! cases.

3. GRAPH REPRESENTATION OF MACHINE SCHEDULING

Roy proposes to interpret any scheduling plan corresponding to the array D
and to the permutation matrix w as a graph with nm vertices x(i,j) where such
a vertex corresponds to a job J; on a machine M;. Notice that there are two
types of arcs connecting the vertices of the graph: horizontal arcs corresponding
to the transfer of a job to the next machine and vertical arcs (pointing downwards
or upwards) corresponding to putting subsequent jobs on the same machine
according to the order prescribed for this machine by the appropriate column
of matrix w. All the arcs (one or two) leading from the vertex x(i,j) are assumed
to have the length d(i, j).

For instance, if the processing times were given by the array D and the
schedule by the permutation w, where:

58 21 1133
41 4 8 22 4 4
D=12329), w=3311]},
6 4 3 4 4 455
131 2 552 2

then the corresponding graph has the following shape:

s () —-
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On this graph the vertices x(i,j) are marked with d(i,j) to indicate that the
arcs leading from them have the length d(i, ).

4. AN ALGORITHM FOR EVALUATING THE TOTAL DURATION OF
WORK WHEN THE ORDER OF PROCESSING IS PRESCRIBED

In order to find the duration of the total work (cf. Reference 3, Algorithm IX-1)
we attach to each vertex x(w,j) (i.e. to each job-machine pair) a number
Sf(w;,j) indicating the time (measured from the start of the whole process) in
which the job w;; is finished on the machine M;. The system of these values f
is nothing else but Roy’s system of ‘“potentials” (cf. Reference 3, Chapters 7
and 8) or a system of “earliest finishing times” in the study of the critical path
of a network.

Clearly f(w;_;;,j) is the time in which machine M; is ready to accept the
next job w;; and f(w,j—1) is the time in which the job w; is ready to be
transferred to machine M;. Hence

f(wijaj) = max[f(wi-—l,y"j) 5 f(wij’j—' D]+ d(wij,j)
since the processing of the job w,; (lasting d(w;;,j)) cannot start until machine
M; is ready to accept it and until this job w;; is processed on the previous
machine. This leads to the following procedure:
(i) we start with the vertex x(wq;, 1) corresponding to the first job on the
first machine giving it the label d(wqy,1);

(i) we find among the unmarked vertices a vertex, the predecessors of which
are marked already by, say f, and f, and we label this vertex with
f=max(fy,f,)+d (of the vertex to be marked), but if a vertex has only
one predecessor marked f;, we put f = f;,+d (of the vertex to be marked);

(iii) we continue (ii) until the vertex x(w,, ,,, m) corresponding to the last job
on the last machine is reached; the label of this vertex gives us L(w).

An example. The graph discussed in Section 3 yields, on the application of
this algorithm, the following table:

| M My M, M,

Jy 5 13 26 33
Js 9 14 31 43
Jo | 11 17 19 28
J, |17 021 24 32
Jo | 18 24 27 35

Since wy; = 1, we start with the vertex x(1, 1) and mark it with d(1, 1) = 5. The next
unmarked vertex is x(2,1); its only predecessor is marked 5, so that its label is
5+d(2,1)=5+4=9. Similarly x(3, 1), x(4, 1), x(5,1) are successively labelled with
‘“potentials” 11, 17, 18 and x(1, 2) with 5+d(1, 2) = 54+8 = 13. Vertex x(2, 2) has two
predecessors labelled 9 and 13 and its “potential’”’ is max (9, 13)+ 1 = 14. Proceeding in
this way but bearing in mind the different order on machines M;, M, we find as the time
at which the machine M, finishes processing the last job No. 2:

flwsy, 4) = f(2,4) = 43 = L(w).
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5. “BRANCH-AND-BOUND” ALGORITHM

As mentioned above it is sufficient in the case m = 3 to investigate only these
job arrangements in which the sequence is the same for all the machines. Thus
a schedule is given not by a permutation matrix but by a single permutation:

w = (wy, Wy, ..., w,)

of numbers 1,2,...,n and the problem consists in finding among »! different
schedules one with the shortest duration of the total work. This can be done by
applying n! times the algorithm described in Section 4, but such enumeration
of cases would be very inefficient.

The “branch-and-bound” method® was devised to cope with precisely this
type of problem; it aims at finding a way (or ways) for the early discarding of
some classes of permutations which are suspected of being ““bad”. The idea is
to arrange all the n! permutations into a tree starting with the vertex ALL,
then to divide them into n classes according to whether the starting number of
permutation is 1,2,...,n. Each of these n classes can be divided again into
n—1 classes according to what is the second term in the permutation, etc. Thus
each vertex of the tree is defined by a few numbers and represents the class of all
the permutations starting with these numbers. At the end of this tree, which will
be referred to as the scheduling tree, are located the individual permutations.

Having decided what would be the ‘“‘branching” procedure we have to find
some efficient “bounding” method; for each class of permutations (for each
vertex of the scheduling tree) we try to find a lower bound for the total processing
time, i.e. a number g such that L(w)>g for all the permutations of this class.
Clearly, by moving down the branches of the scheduling tree we can never
decrease these lower bounds. The existence of lower bounds at each of the
vertices of the tree allows us to concentrate on permutation classes with smaller
lower bounds and, on reaching an individual permutation, to discard at various
stages these classes of schedules for which the lower bound is greater than (or
equal to) the currently obtained lowest work duration.

It may be easily shown (cf. Reference 3, Theorem IX-1) that the duration
L(w) of the total work under a schedule w is equal to the longest duration of
all the paths = leading from the vertex x(w, 1) to x(w,, 3), i.e.:

L(w) = max [(w),

where the duration /(w) of a path = is defined as the sum of processing times
d(i,j) associated with the vertices lying on this path. Thus any path leading
from x(wq,1) to x(w,,3) provides us with a lower bound and the problem
consists in finding suitable paths.

Let us now write for d(i, 1), d(i,2), d(i,3) respectively a(i), b(i), c(i); these
are the times taken by the job i on the machines M;, M,, M; respectively. Let
Solws 1), fiulw;, 2), fo(w;,3) be the “potentials” corresponding to the vertices
x(w;, 1), x(w;,2), x(w;,3) respectively, evaluated according to the algorithm
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