Constrained least-squares image restoration:
an improved computational scheme

S. S. Reddi

In this short paper we present an improved computational technique to solve the Fredholm integral equation
of the first kind which arises in image restoration and other inverse filtering applications. The technique
is based on the works of Phillips, Twomey, and Hunt. We show that when the integral represents a convolu-
tion, the integral equation can be solved iteratively with each iteration requiring O(n) operations, where n
is the number of sample points or observations. When there are p iterations to find the final solution to the
integral equation, the present technique is approximately (1 + p/4) times faster than the implementation
suggested by Hunt. In image processing application areas where p has been observed to be between 3 and
12, the technique can reduce computation by a factor of 2 to 4.

- Introduction

Hunt! in his paper demonstrated that application
of constrained least squares estimation to image resto-
ration is computationally feasible by use of fast Fourier
transform techniques. The basic integral equation of
image restoration,

s = | ? j; "hx = xuy — y)feny)daidy; + e(xy)

is solved for f(x,y) by applying the techniques of Phil-
lips? and Twomey.3 In this paper we present a tech-
nique which has a better computational bound and
achieves a speed up by a factor of 1.75 to 4 in practice
over Hunt’s approach.

Proposed Method

We consider only the following 1-D image restoration
equation: :

g) = f7hlx = x)ftede + (), )

since extension to two dimensions is direct. The inte-
gral Eq. (1) is discretized and represented as

fgt=(hlaif)+ e (@)

Here {x} represents the sequence {xg, x1, . . . , -1}, and
® indicates sequence convolution operation (see Bra-
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cewell* for a discussion of this operation). Let |{x}|2=
x¢+x2+ ...+ x2 .. Wesolve for {f} in Eq. (2) by
finding an estimate {f} which satisfies the following
criterion;

Minimize |{f} @ {c}] 2

subject to |{g} — {h} B {f}|2 = |{e}|2=e. 3)

Here {c} is usually selected to be {1, =2, 1} so that the
resulting solution is smooth and noise-free. .

Define finite Fourier transforms5 as in the fol-
lowing:

1n-1 .
xp=— 3 X,Wpj
n j=o0

X,='S x, Wi
Jj=0
where W = exp(i2«/n). Let {F}, {C}, {H}, {G}, and {E}
be the respective Fourier transforms of {f}, {c}, {h}, g},
and {e]. Alsolet{XY}={XoYo, X1Yy,..., Xp-1Yn-1}
represent multiplication of two sequences | X} and {Y}.
Then it follows that
Minimize |{F'C}|?2
subjectto  [{G} — |{HEF}|2 = |{E}| 2
is equivalent to Eq. (3) because of convolution and
Parseval’s theorems. Hence if f satisfies Eq. (3), its
Fourier transform F' satisfies Eq. (4) and vice-versa.
To recast Eq. (4) in matrix form we use the following
notation. Let [F] represent the column matrix:

(4)

Fy
m=|
Fn-l
and (F') the diagonal matrix:



Fy
= 1
o -
Fn—l
where {F} = {Fo, Fy, ..., Fy—1}. Then Eq. (4) can be

expressed in matrix form as
Minimize (F]7(C)*(C)[F]
subject to ([G] — (H) [FDH(G] — (H) [F]) (5)
= [EV[E] = ne,
where 1 represents the complex conjugate-transpose
operation.
The Appendix presents a proof that [F] which satis-
fies Eq. (5) can be given as
. (H)?
Fl=
[F] (H)(H) + v(C)T{C)
where v is such that the equality constraint in Eq. (5)

[G], (6)

holds. Since (H) and (C) are diagonal we get
Hy/(|Hol? + 7| Col® a Go
(F] = HY/(Hi|% + 7| C1]?) G;

Hy /(| Ho]2 + ¥ Crna}?) Gn-1.

Therefore the equality constraint of Eq. (5) can be
rewritten as

"i‘ 1651201 — || /(1B |2 + 4G 1912 = ne @

after some s1mple algebraic manipulations. Letting «;
= |G;|2, 8; = |H;|2/|C;j|2 N\ = 1/v,and 6 = ne, Eq. (7)
becomes
S
7 L+ BiN)2
where Jj is such that C; = 0.
We can determine >\ iteratively from the nonlinear
Eg. (8), and once \ is determined [F] can be determined
from Eq. (6) and hence {f}. It can be noted that the
left-hand side of Eq. (8) is monotonically decreasing
and

=3, (®)

n=1

pPIR:T,
=0

is greater than 6. Thus a unique positive value for A
exists which satisfies Eq. (8).

If it takes p iterations to find the value of A (or 7y), it
can be seen that Hunt’s method requires (4 + p) fast
Fourier transforms, whereas the present method re-
quires only four fast Fourier transforms. Assuming
that each iteration to solve the nonlinear Eq. (8) takes
O(n) operations, we see that the proposed method can
speed up the computation by approximately (1 + p/4)
times [since the complexity of a Fourier transform is o(n
logn)]. For 2-D image processing with N X N picture
elements a detailed computational analysis reveals that
Hunt’s algorithm requires My = 16 N2logoN + 4N2 +
p1(4N2logsN + 3N2) multiplications and Dy = 3N2%/2
+ p1N2 divisions, and the present approach requires M,
= 16N2logoN + 5N2 + poN2 multiplications and D, =
2.5N2 + psN?2 divisions.

Here p; and p» are the iterations required to find the

final {f} in Hunt’s method and the final A in the present
approach, respectively. Assuming that Newton-
Raphson’s scheme is used in both the approaches we
have p; = po = p. Hunt reports that p is observed to
be between 3 and 12, and thus for a typical value of p =
8 and N = 512 we have

My = 120.6 X 108 multiplications,

Dy = 2.5 X 108 divisions,

Mp = 41.2 X 10% multiplications,

Dp = 108 divisions.
Thus for this case the speed up is nearly three times.

Appendix
In this Appendix we show that the optimal solution
f which minimizes f7Cf subject to
(¢ — Hf)!g = Hf) = k
is given by
f=(H'g)/(HH + ~C),

where v is a constant. Here f and g are n X 1 complex
column matrices; and H = diag(Ho, Hy, ..., H,—1) and
C = diag(Cy, Cy, . . ., C—1) are diagonal complex and real
matrices, respectively. Let the jth elements of f, g, and
H be fj1 + ifjo, 8j1 + igje, and Hjy + iHjo, respectively.
Form the Lagrangian

@ = fICf + Mg — Hf)(g — Hf) — k]

and set d®/9fj; = 0®/9fj2 = 0 to find the optimal so-
lution. Since

n—1
f10F="S Citfh+ 3,
j=

2(f*CH/ofj1 = 2Cifin (A1)

d(f7Cf)/of;2 = 2Cjfja. (A2)
Let .

W= (g~ Hf)(g - Hf) = _ZO (gj — Hjf))*(g; — Hjf})-
. =
Then
- dW/dfj1 = (g — Hify)*(=H;) + (=H))*(g; — H;f})
= —2(gj1Hj1 + gjoH,o) + 2|H;| %fj1. (A3)

Similarly

dW/dfje = —2(gjeHj1 ~ gi1Hj2) + 2| Hj| *fj. (A4)
Combining Eqgs. (A1) and (A3) and noting 3®/0j; =

0,
Cifix = N(gj1Hj1 + gj2Hjo) = |Hj| *fja] = 0

Similarly ijjz A[(gngjl Jlsz) - IHj|2fj2] = (.
Hence C;f; — MH g ;) = 0 for an optimal so-
lution. Therefore f 7!g)/ (HTH + vC), where v =
1/\.
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