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We show that finding minimum finish time preemptive and non-
preemptive schedules for flow shops and job shops is NP-complete.
Bounds on the performance of various heuristics to generate reason-
ably good schedules are also obtained.

FLOW SHOPS and job shops are ordered sets of m=1 processors (or
machines), (Py, ---, P,). In the case of a flow shop the processing
time required by task ;7 of job 7 is denoted by ¢;,;, 1 <j<m. For any job
1, task j is to be performed on processor P;. In the case of a job shop the
processing time required by task j of job ¢ will be denoted f.s,;. Task j
is to be performed on processor k. In this case, no restriction is placed on
the number of tasks a job may have. In the case of both flow shops and
job shops, for any job 7 the processing of task j, j=2 can begin only after
task j—1 has been completed. The finish time, FT(S), of a schedule S
is the time at which all tasks of all jobs have been completed (it is assumed
that the schedule starts at time zero). If f:(S) denotes the time at which
all tasks of job 7 have been completed in schedule S, then clearly FT(S)
=max; {f:(S)}. An optimal finish time (OFT) schedule is one that has
the least finish time among all feasible schedules. For any schedule S, the
mean flow time, MFT(S8), is defined to be the quantity Y f:(S)/n. An
optimal mean flow time (OMFT) schedule is one that has the least mean
flow time among all feasible schedules. Finally, for both of the models
under consideration, we shall distinguish between preemptive and non-
preemptive schedules. The reader is referred to [2] and (3] for more details
on the scheduling models being considered. Gonzalez and Sahni [6] study
a related model, the open shop.

Several strategies for obtaining OFT and OMFT schedules for flow
shops and job shops have been advanced (see, for example, {2] and [3]).
Despite all the research effort devoted to these problems, there are no
efficient (polynomial time) algorithms known.

In [1] and [4] it is shown that these problems are NP-complete when one
is restricted to non-preemptive schedules. In this paper we extend the
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NP-completeness results of [1] and [4] for OFT non-preemptive schedules
to the case of preemptive schedules. A more restricted version of the OFT
non-preemptive flow-shop problem is also shown to be NP-complete. The
best known algorithms for all known NP-complete problems have a worst
case computing time larger than any polynomial in the problem size. Fur-
thermore, any NP-complete problem has a polynomial time algorithm iff
all the others also have polynomial time algorithms [9-11]. Hence, by
showing certain flow-shop and job-shop problems to be NP-complete,
we are in some sense establishing that it will indeed be very difficult to
find efficient algorithms for them. In fact, empirical evidence and intuition
suggest that NP-complete problems are not solvable in polynomial time.

Since it is unlikely that efficient algorithms for the problems of Section
1 exist, an alternate approach, obtaining approximately optimal schedules,
is examined in Section 2. In this section we obtain bounds comparing opti-
mal and arbitrary busy schedules (to be defined later) for flow shops and
job shops. We also present heuristics that result in schedules with a mean
finish time and finish time better than the worst busy schedules. Finally, a
comparison is made between the finish times of preemptive and non-pre-
emptive schedules.

In obtaining the NP-completeness results of the next section, we shall
make use of the following NP-complete problems.

Partition. A multiset S={ay, - - -, a,} is said to have a partition if there
exists a subset, u, of the indices 1 through n such that Y .c. ai= (J_1 a:)/2.
The partition problem [9] is to determine whether an arbitrary multiset S
has a partition. The {a;} may be assumed to be integers.

3-Partition. Given a positive integer B and a multiset of integers
A={ay, -+, am} withm=3n, D i~ a;=nB and B/4<a;<B/2 for 1 <i<m,
does there exist a partition of A into 3 element sets {A;, - -+, A,} such
that Zaé 4; =B for i=1, -+ -, n? This problem is shown NP-complete in
[4], even if the problem size is measured by Y a.. The difference between
NP-completeness with respect to binary encoding and the stronger NP-
completeness with respect to unary encoding is important. The partition
problem can be solved in time 0(n Y a;). For 3-partition there exists an
algorithm of complexity polynomial in # and ) a; if and only if there is a
polynomial time algorithm for every NP-complete problem.

Since NP-complete problems are normally stated as language recogni-
tion problems, we restate the OFT problem as one.

FOFT: Given an m-processor, n-job flow-shop problem with task times
tii;, 1<j<m and 1=7<n and a number 7, does it have a schedule with
finish time <7?

When it is necessary to distinguish between preemptive and non-pre-
emptive schedules, we shall prefix FOFT with the type of schedule being
considered.
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JOFT: This is the same as FOFT except it refers to a job shop.

We shall also make use of the operator “a,” as in ®1a®,; to mean problem
®;, polynomially reduces to problem ®.. Informally, this will mean that if
®; can be solved in polynomial time, then so can ®;,. By P=NP we shall
denote the question: Is the class of non-deterministic polynomial time
languages the same as the class of deterministic polynomial time lan-
guages? For more details regarding our notation on NP-complete problems,
the reader is referred to [9-11].

1. COMPLEXITY OF PREEMPTIVE AND NON-PREEMPTIVE SCHEDULING

Flow Shop

OFT non-preemptive schedules for the two-processor (m=2) flow shop
can be obtained in O(n log n) time using Johnson’s algorithm (see [8 or 3,
p- 83]). For the case m=2 one can easily show that an OFT preemptive
schedule has the same finish time as an OFT non-preemptive schedule.
Hence, Johnson’s algorithm also gives an OFT preemptive schedule. A
linear time algorithm is presented in [6], which guarantees OFT preemptive
and non-preemptive schedules for the two-processor open shop. It is in-
teresting to note that by eliminating the task ordering, a more efficient
algorithm is obtained. In this section we shall show that finding OFT
preemptive and non-preemptive flow shop schedules for m>2 is NP-
complete. This is true even when the jobs are restricted to have at most
two nonzero tasks each. This then gives us the simplest case of the flow-
shop problem that is NP-complete and for which no polynomial algorithm
is known. (Note that when jobs have only one task each, OFT schedules
may be trivially obtained.) When the complexity of the algorithm is
measured in terms of the sum of the lengths of the tasks, the flow shop
problem remains NP-complete, as shown in [4]. This result is extended for
preemptive schedules. The extension, however, requires the use of a job
with three tasks. In [6] it is shown that for m >2 OFT preemptive schedules
for the open shop can be obtained in polynomial time. For non-preemptive
schedules, the problem remains NP-complete.

THEOREM 1. FOFT with m=3 and no job having more than two nonzero
tasks is N P-complete.

Proof. The proof is presented as two lemmas. Lemma 1 shows that
Partition o Preemptive FOFT. Lemma 2 shows that Preemptive FOFT
is recognizable in nondeterministic polynomial time. The same proof also
shows that non-preemptive FOFT is also NP-complete.

LemMA 1. Partition a preemptive FOFT with m=3 and at most two nonzero
tasks per job.



Scheduling: Complexity and Approximation 39

Proof. From the partition problem S=f{a, ---, a.} construct the fol-
lowing preemptive flow-shop problem, FS, with n+2 jobs, m =3 machines
and at most 2 nonzero tasks per job: ti.=ai; ,:=0; h,.=a; 1=¢=n
tlm+1— T/2 tz,,,+1—— T ts,n+1—-0 t1,n+2—0 tz,n+2— T ts,n+2— T/2 where
T=Y1"a;and r=2T.

We now show that the above flow-shop problem has a preemptive
schedule with finish time <27 iff S has a partition.

(a) If 8 has a partition u, then there is a non-preemptive schedule
with finish time 27. One such schedule is shown in Figure 1.

(b) If S has no partition, then all preemptive schedules for FS must
have a finish time >27'. This can be shown by contradiction. Assume that
there is a preemptive schedule for FS with finish time <27T. We make the
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following observations regarding this schedule: (i) task f;,,41 must finish
by time T (as t,nta=T and cannot start until ¢, finishes); (ii) task
ts.n+2 cannot, start before 7' units of time have elapsed as fo.ny2=T.

Observation (i) implies that only 7'/2 of the first T’ time units are free
on machine one. Let V be the set of indices of tasks completed on machine
1 by time 7 (excluding task t1,.41). Then D ey t1,:<7T/2 as S has no par-
tition. Hence ¢y t3,:>T/2. The processing of jobs not included in V
cannot commence on machine 3 until after time 7 since their machine 1
processing is not completed until after 7. This together with observation
(ii) implies that the total amount of processing left for machine 3 at time
T i8 tmia+ D iev ts.s>T. The schedule length must therefore be greater
than 27.

The following result, which follows from Lemma 1, is also obtained in
[1]. Their proof is similar.
CoROLLARY 1. Partition a non-preemptive FOFT with m=3 and at most
two nonzero tasks per job.

Proof. The construction of Lemma 1 yields a flow-shop problem that



