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We consider a machine with a single real variable z that describes its
state. Jobs Ji, --+,Jx are to be sequenced on the machine. Each job
requires a starting state A; and leaves a final state B;. This means that J;
can be started only when z=A; and, at the completion of the job, x=B;.
There is a cost, which may represent time or money, ete., for changing the
machine state x so that the next job may start. The problem is to find
the minimal cost sequence for the N jobs. This problem is a special case
of the traveling salesman problem. We give a solution requiring only
0(N?) simple steps. A solution is also provided for the bottleneck form
of this traveling salesman problem under special cost assumptions. This
solution permits a characterization of those directed graphs of a special
class which possess Hamiltonian circuits.

E WILL consider the sequencing problem for N jobs on a machine
having a state described by a single real variable z.f Jobs Jy, - - -,
Ju, are to be done on the machine in some order. KEach job has two
associated numbers A; and B;. To start the 7th job, the machine must be
in state 4., i.e., z=A4,, and at the completion of the 7th job the machine
state is automatically B;. If J; is to follow J;, the state of the machine
must then be changed to A;. The cost of this change is ¢;;, the cost of hav-
ing job j follow job ¢. This is taken to be
( A
co=[ f@)dz it 4,2,
5" (1)
Cij=j; g(z) dx if B;>A;.
t This research was supported in part by the Office of Naval Research under
Contract No. Nonr 3775(00), NR 047040.

I An announcement of a special case of the results of this paper appears in ref-
erence [2].
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Where f(z) and g(x) are any integrable functions satisfying
f(@)+g(x) 20, (2)

f(x) can be interpreted as the cost density for increasing the state
variable, and g(z) the cost density for decreasing it. Restriction (2)
implies that there is no gain to be obtained by cycling the state variable,
i.e., by increasing it and then decreasing it to its original state.

In this paper, we give a method for finding the ordering of the J; that
minimizes the total changeover cost. We also give a method for finding
the ordering of the J; that minimizes the maximum changeover cost when
g(x)=0 and f(z)=0.

To make the problem more concrete let us consider an example. Con-
sider a furnace and let the state variable be the temperature. Various
jobs are to be put through a temperature cycle inside the furnace. The
ith job, J., will be started at temperature 4; and taken out of the furnace
at temperature B;. The temperature is then changed for the next job.
There is a cost f(x) for heating the furnace one degree and a cost g(z) for
cooling it one degree when the temperature is . We are looking for the
least cost sequence of the jobs.

Our problem is of course closely connected to the well-known and dif-
ficult Traveling Salesman problem.™ *® To see this, let the J; play
the role of nodes or cities, and let the ¢;; of (1) be the cost of going from
node ¢ to node j. We are looking for the cheapest path that passes once
through each node. The traveling salesman looks for the cheapest path
that passes once through each node and ends up at the starting point. He
looks for the cheapest tour.

Our sequencing problem becomes the tour problem if the machine is
assumed to be in a state By at the start, before the jobs are run, and is
required to be left in a state 4, at the end after all N jobs are done. Spe-
cifically, if we add a new job Jy , there is always a one-to-one correspondence
between the tours JoJ s, - JiyJo of the enlarged problem and the se-
quences JiJ i, - J;y of the original problem. Thus we can minimize
over tours, and then, dropping Jo, have the least cost sequence.

As it is a considerable technical advantage to deal with tours rather than
sequences, we will deal with tours from now on. So we will, implicitly,
be dealing with a sequencing problem with a presecribed initial and final
state. However, in the final section we will show how, in some cases, a
tour solution also solves the sequencing problem in which no starting or
ending states are required.

From this point on we will discuss only the minimal cost tour problem.
We will state the problem in terms of a permutation ¢ for which the total
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changeover cost ¢(¢),

c(¥) =221 e, (3)
is minimal subject to the condition that y gives a tour, i.e., subject to
Y(s)#s (4)

for all proper subsets s of the numbers 1, 2, -- -, n.

Our method for solving this problem is roughly the following. First,
find the permutation ¢ that minimizes (3) disregarding (4). Then by
carrying out a series of interchanges, we convert the permutation ¢ into a
tour ¢. The interchanges to be executed will be chosen by finding a minimal
spanning tree and must be carried out in a special order if the resulting tour
¢ is to be minimal.

In the next section we describe the type of interchange used and its
effect on the cost function (3). We also find the minimal cost permutation.
In the third section we describe the connection between the tour and span-
ning tree problems.

In the fourth section, which is merely preparation for the fifth, we
describe a special property that the spanning trees possess. In the fifth
section we determine a set of interchanges and the proper order to execute
them to obtain a low cost tour ¢*.

In the following two sections we prove that the tour ¢* obtained in the
fifth section is in fact a minimal tour.

In the eighth section we treat the ‘bottleneck’ Traveling Salesman prob-
lem. This is the problem of minimizing the largest changeover cost occur-
ring in the tour.

The last section, contains a complete statement of the algorithm
followed by a numerical example. There is an application to a cutting
problem, various remarks on and extensions to the earlier sections, and a
brief discussion of the relation between the problem described here and
the well-known work of 8. M. Jonnson."

INTERCHANGES AND THEIR COSTS

IN DESCRIBING permutations, interchanges, and their costs, it is useful to
introduce a diagram displaying the B; and A,. We will assume that the
B; are so numbered that j>¢ implies B;= B;, and that they are arranged
on a real line in the positions corresponding to their values. Position B;
on this line then gives the value of the state variable at the end of job <.
It would be natural to display the A4 ; on this same line but, in order to show
the permutation y better, we will devote a separate line to the A, values
(Fig. 1).
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Figure 1

In Fig. 1 ¢ is displayed as a series of arrows linking the final state B; of
J; to the starting state Ay of the succeeding job Jy¢y. If in Fig. 1
Ay> B;, then the 7th arrow goes up and the first formula of (1) is used in
computing ¢yqy. If the ¢th arrow goes down the second one is used.

We will now define an interchange and compute its effect on the cost

c(¥).

By an interchange a;; we mean the permutation given by

ai;(7) =7,
aii(§) =1, (5)
aii(k)=k. (k#1%,7)
Applying an interchange to y yields a new permutation ¢ given by
‘I/:‘paii) (6)
ie., first apply asj, then ¢ to get . Clearly
¥(3) =v(7),
¥() =v(9), (7)
(k) =y (k). (k#1,7)
So the effect of a;; on ¥ is to interchange the successors of 7 and 7, (Fig. 2).
Ay
Bj !P_(J)
14
B
Avtiy
Figure 2

We define the cost cy(ai;) of applying a;; to ¥ by
cv(aiz) =c(Yaiz) —c(¥).

We will givea formula for ¢y(a;;). In this formula we will refer to intervals
[a,b], a<Db, on the real line. For such intervals, we will use the notation



Traveling Salesman Problem 659
b

lablly= [ j(2) ds,
b

fall= [ o) dr,

b
llapl= [ () +9(2)} da.
Let us assume that
Bjé B,’, and
(8)
AypZAye.
Then, using (1) we have
iy =|[Bi,+ o 1N[— o, Ayp]|/4|[— o ,BJN[Ay+ =1,
civen=[Bi,4 0 1N[— o Ayl 4|[— o ,BiN[Ayeiy,+ =,
Subtracting gives
iy —Cipn=|[Bi,+ @ 1N[Ayw,dvpll s —[— 2 ,BdN[Ayi,Aduplls-  (9)
Similarly,
civey—Civn = —|[Bi+ ©1NAyw,Avpll 41— B0 [Ayw,Av )]s (10)
Adding (9) and (10) we get

co(aij) =cCiymiFCivin—Cww—Civi = [BuBNAyw,Avplll.  (11)

Since f(x)+g(x) =0, we have ¢y(a;;)20. (11) was of course obtained
under assumption (8). If (8) does not hold and the order of A,; and
Ay is the reverse of the order of B; and B,, then the expression on the
right in (11) is preceded by a minus sign.

This gives Theorem 1.
TurorEM 1. Let ¢ be a permulation that ranks the A, that is j>1 implies
Aoy Z Apiy, then

¢(p) =miny c(¢),

with the minimum being taken over all permutations .

Proof. This is clear from Fig. 3, for if a permutation ¢ contains a re-
versal of order between a B; and B; and Ay; and Ay (the crossed arrows
of Fig. 3) then the cost of applying «;; is negative or zero. Thus by succes-
sive uncrossings any y is reduced to the crossing free permutation ¢, which
has a cost lower or equal to c(¢).

TOURS AND TREES

LET us consider the effect of an interchange a;; on the cycles in a permu-
tation ¢. The situation is illustrated in Fig. 4 and it is not hard to prove
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formally what is evident geometrically. That is

Lemma 1. If ¢ 4s a permutation consisting of cycles Cy- - -C)p, and a;; is an
interchange with 1eC, and jeCs,r#s, then Ya,; contains the same cycles except
that C, and C; have been replaced by a single cycle containing all their nodes.

This is geometrically evident from Fig. 4(a). We note that if ¢ and j
belong to the same cycle, Fig. 4(b), the effect is reversed and the cycle is
split.

We next define a graph Gy for any permutation y: Gy has N nodesand an
undirected arc linking the 7th and ¥(7)th nodes, for ¢=1, - .-, N. Clearly
there is a correspondence between the cycles of ¥ and the connected com-
ponents of Gy. For each cycle of ¢ on a given set of nodes, there is a con-
nected component of Gy consisting of the same set of nodes.

This correspondence between the cycles of the permutation and the
connected components of the graph can be maintained under certain simple
changes. Suppose we add to Gy an arc R;; connecting two nodes ¢ and j in
different components. The effect is to leave all other components alone
and unite the two components involved. Since ¢ and j were in different
cycles of ¥, Lemma 1 tells us that the components of GyUR;; now correspond
to the cycles of ya;.

Starting with a graph Gy we can add a set of arcs to it until it becomes a
connected graph. If Gy has p components, the minimal number of arcs
required to connect it is always p—1. We will call a minimal set of addi-
tional arcs that connect a graph Gy a ‘spanning tree.” Our nomenclature

(a) (b)



