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Recent research in the theory of algorithms has determined that many
classical operations research problems are computationally related; i.e., an
efficient algorithm for one implies the existence of efficient algorithms for
everyone or a proof that one is inherently difficult implies they are all so. This
paper presents a tutorial of this concept. In contrast to other surveys it does
so by selecting a few problems (knapsack, traveling salesperson, multipro-
cessor scheduling, and flow shop) and carefully shows how they are related.
References to most other problems of interest to operations researchers are
given. The second part of this paper is a survey on the relatively recent
progress in the study of approximation algorithms. These algorithms hold
great promise for they work fast and in many cases are guaranteed to work
well. Again the techniques for devising and analyzing these algorithms are
explained through the continued use of these examples.

HIS ISSUE, devoted to the interactions between computer science

and operations research, provides an ideal opportunity for us. For as
computer scientists, we find more and more that our own work is making
incursions into what was heretofore considered strictly operations re-
search territory. This has made us very aware of the different styles of
research that these groups follow. This article presents, in tutorial fashion,
our view of some of the major contributions that computer science has
made to algorithm research. As such it stresses the kinds of questions
and answers that computer scientists have devised about algorithms. Our
treatment of topics is selective, but we intend to choose problems of long-
time interest to operations researchers to show how recent results from
computer science have complemented existing knowledge about these
traditional problems.

Scholars of operations research have been studying algorithms for
many years and so have computer scientists. Historically, the latter group
has concentrated on sorting and searching for data processing applica-
tions, and numerical analysis for mathematical computation. As the
discipline has matured, a greater research emphasis has been placed on
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studying the algorithm concept in general. With that growth has come
renewed interest in classical operations research problems since algo-
rithms for their solution are of great interest and variety. In this paper
we intend to select some problems that are very familiar to readers of
this journal (the knapsack problem, a scheduling problem, traveling
salesperson problem, and flow-shop problem) and review the latest results
about them from computer science.

What are the contributions of computer science to the study of algo-
rithms? We list four major points:

(i) a great impetus to the idea that algorithms should be formally

analyzed in addition to being empirically tested;

(ii) the study of how to express an algorithm stressing clarity and
verification;

(iii) the development of the notion of reducibility, i.e. problems
related in terms of their execution-time complexity;

(iv) the study of general techniques for devising and analyzing
approximation algorithms.

In Section 1 we briefly discuss the major points that have been made
regarding the exposition of algorithms. At the same time we introduce
the basic ideas underlying the complexity analysis of an algorithm. In
Section 2 the concept of a nondeterministic algorithm is introduced,
followed by the notions of NP-hard and NP-complete. These concepts
are the cornerstone of reducibility theory. We first indicate the impor-
tance of knowing that a problem is NP-complete. Then we use four well-
known operations research problems to show how to resolve NP-com-
pletness. References to the literature that contains other relevant NP-
complete problems are given.

Recognizing that the best-known algorithms for NP-complete and NP-
hard problems are intractable, in the sense of worst-case performance, in
Section 3 we survey some research that holds a great deal of promise for
adequately solving these problems. This is the growing study of approx-
imation algorithms. There are many different kinds of approximation
algorithms. Some generate solutions that are guaranteed to be within
some fixed fraction of the optimal solution. Others are parameterized and
are capable of generating solutions with value as close to the optimal as
desired. Finally, Section 4 surveys a relatively new approach to tackling
NP-hard problems. This approach consists of designing fast algorithms
that generate either optimal or near optimal solutions to almost all
instances of a problem.

1. ALGORITHMS AND THEIR ANALYSIS
Writing Algorithms

Given n integer weights w;, n profits p;, and a positive integer M that
is the maximum allowable weight, the knapsack optimization problem is
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max Y iipx;
Y wixi=M
x€{0, 1}, 1=i=n.

Algorithm 1 implements a backtracking approach to the knapsack
problem. The quantities W*, P* and (xi, - - -, x,) are the weight, profit
and assignments of the best solution found so far. This algorithm was
taken verbatim from a recent issue of an operations research publication.
In many ways it is fairly typical of the manner in which algorithms are
being presented today. Judged in the computer science context, it would
be condemned as highly “unstructured.”

Algorithm 1
1. Initialize We«P<«k<0 and P*<—1.
2. Set k<k+1 and U—W4w,. If U>M, then go to 4. Otherwise, set
WU, P—P+P,, and y,<1.
3. If k<N, go to 2. Otherwise, set W*«W, P*<P and x;<y; for i=1, 2,
-+, N and go to 6.
4. Set y,<0 and calculate a bound B as described below in 8, 9, 10. If
B>P*, go to 3.
Set k<—k—1. Exit if 2=0.
If y,=0 go to 5.
7. Set We—W—-w,, P<—P—p,, and go to 4.
Calculation of B:
8. Initialize B—P; C—W, and i<*.
9. Set i«—i+1. If i>N return B; otherwise, set C<—C+w:.
10. If C<M, set B<—B+p; and go to 9. Otherwise, return B<B+
[1-(C-M)/wi]p:.

In Algorithm 2 we see the same algorithm after some transformations
have been applied to Algorithm 1. These alterations do not modify the
computation sequence; they are purely a matter of form. The purpose of
these transformations is to present this algorithm in as clear a manner as
possible. The precise syntax we have chosen does not conform exactly to
any existing programming language, but the style of the program is
typical of a modern presentation.

S

Algorithm 2
procedure KNAPSACK(WM, N, ws, - -, wn, p1, - -, Pn, W¥, V¥, x1,

1 //input: M, the size of the knapsack
N, the number of weights and profits
3 wy, the integer weights
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P, the corresponding profits
(the w;, and p,, arranged so that p./wiZpr+1/Wer+1, 1=R<N)
output: W¥*, the final weight of the knapsack
P*, the final maximum profit
X, either zero or one indicating whether wy. is not in (zero)
or is in (one) the knapsack//
9 WeP«0; ke1; P*<——1

W 3O Otk

10 loop

11 while W+w,=M and k=N do //add in.object &//

12 W—W+uwy; P<—P+py; yir<1; ke—k+1

13 repeat

14 if k>N then P*<P; (x1, - -, xn)<(1, -+, ¥n); k<—N//update
solution//

15 else y,<0 //object & does not fit//

16 endif

17 while BOUND(P, W, k, M)=P* do //backtracking step//

18 while y,#1 and k#0 do //find last item in//

19 k—k—1

20 repeat

21 if k=0 then stop endif //search completed//

22 yire0; WeW—w,; P—P—p, //remove kth item//

23 repeat

24 k—k+1

25 repeat

26 end KNAPSACK

procedure BOUND(P, W, k, M)

1 //input: P, current profit total = Yt py;

2 W, current weight total = Y ,wy;
3 k, index of last removed item

4 M, knapsack size

5 output; B, a new profit//
6

7

8

B«P; CW
for i<k+1to N do
C—C+uw;
9 if C<M then B<—B+p;
10 else return(B+(1—(C—M) /w:)*p;)
11 endif
12 repeat

13 return (B)
14 end BOUND

What is better (or different) about this second version? The procedure
KNAPSACK has been clearly named and its input and output variables
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are clearly listed. In lines 1-8 these variables are defined using the
convention that anything between a pair of double slashes (//) is a
comment. The executable statements on lines 9-25 are indented in order
to reveal the computational nesting of the algorithm. In-line comments
describe the purpose of key statements. In general, a program should be
written so that it reads down the page, as with any piece of prose. The
various statements used here make it easier to construct the algorithm in
this way. All of these stylistic conventions and more can be found in
Kernighan and Plauger [50].

An important consequence of these stylistic improvements is that it is
now much easier to see what is happening in the algorithm. This in turn
means it will be easier to prove and debug. To substantiate this claim, we
now proceed to describe and prove the algorithm.

The algorithm implements a backtracking approach that assigns vari-
ables in the order they are given. The quantities W*, P*, and (x, - - -, X»)
are the weight, profit, and assignments of an optimal solution. The
subroutine BOUND determines the maximum profit that can be obtained
by completing the given partial filling (yi, - - -, yz). It is quite clear that
once yi, - - -, ¥» have been fixed, we cannot do any better than fill in the
objects k+1, k+2, - - -, j until we reach object j+1, which does not fit in.
Now a fraction j that fills the knapsack is introduced. This observation
is true because the objects are ordered such that p,/w=p;+1/wi+1, 1=Si<V.
The loop lines 10-25 tries out all possible fillings (yi, - - -, yn), eliminating
those prefixes (y1, - - -, yx-1) that cannot possibly lead to a filling with
value more than P* (i.e., the highest solution value found so far). Such
prefixes are easily identified since for them BOUND(P, W, k—1, M)=P*.
Thus at the start of each iteration of the main loop we have BOUND(P,
W, k—1, M)>P*. This is certainly true for the first iteration, as P*=1 and
p>0, w=M, 1=i=n. This condition is ensured for all successive iterations
by the while loop of lines 17-23. The while loop of lines 11-13 places
consecutive objects into the knapsack until either all objects are ex-
hausted (k=N) or we reach an object that does not fit in (W+w;>M). In
case all objects have been exhausted, then (y;, - - -, yn) corresponds to a
knapsack filling with profit >P*. This follows from the observation that
BOUND(P, W, k-1, M)>P* and objects &, k+1, - - -, N have been placed
into the knapsack. In case WHw,>M, then y, is set to 0. Now if
BOUND(P, W, k, M)=P*, then the loop of lines 17-23 finds the next
(i.e., lexically next) prefix for which BOUND(P, W, k, M)>P*. In case
there is no next prefix with this property, then the optimal solution has
been found and the algorithm terminates in line 21.

Interesting reading on the subject of structured programming can be
found in [12, 36, 54].

Analyzing Algorithms
Algorithm analysis can be conveniently thought of as consisting of two



