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INTRODUCTION

For a number of NP-complete sequencing prob-
lems [C], the worst-case performance of heuristics
has been bounded relative to optimal performance.
The bounds are usually shown to be best in the
sense that they are achievable. However, when these
bounds are based on a single, pathological example,
they are not as informative as might be desired.
Such is largely the case with Graham's bound [G] of
4/3-1/3m on the performance of largest-processing-
time-first (LPT) sequencing for the classical prob-
lem of minimizing schedule lengths, assuming inde-

pendent tasks on m22 identical processors.

In particular, one is led to expect much
better performance from the LPT rule than is indi-
cated by the general bound, especially as the
number of tasks becomes large. In this paper we
shall generalize Graham's result so as to include
a parameter characterizing the number of tasks
assigned to processors by the LPT rule. The new
result will show that the worst-case performance
bound for LPT sequencing approaches unity approxi-
1+1/k, where k

mately as is the least number of

tasks on any processor, or where k is the number
of tasks on a processor whose last task terminates
the schedule. Thus, we shall have a result very

similar to the parameterized bounds for bin-packing
heuristics [JDUGG]. We shall also obtain out of

the analysis an alternate proof of Graham's result.

MODEL AND RESULTS

We use the classical model [C] in which the

tasks of j ={T1,T ...,Tn} are independent and
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Theorem:

assumed to be simultaneously available for (non-
t=0.

...,Pm

preemptive) execution beginning at time

There are m=2=2 identical processors Pl’PZ’
available for executing the tasks; the execution
time of Ti’ 1<i<n, will be denoted by Ti. A
processor cannot remain idle if there is a task to
be executed. Schedules will be represented by

timing diagrams as in Figure 1.

We let s(T) and f£(T) denote respectively
the starting and finishing time of task T in a
given schedule (understood by context). We shall

as an ordered set of the

|2

regard a processor P

tasks assigned to it; thus denotes the number

of tasks assigned to P in a given schedule.

If in a schedule S, s(Ti)s s(Tj) implies
for all 1<i,j<n, then S
LPT schedule.

T, 2T, is called an
1 J

Figure 1 shows an example. Note
that there may be many LPT schedules depending on
how ties are resolved; however, all such schedules
and S0
denote LPT and minimum-length (optimal) schedules,

have the same length. We shall let SL

respectively, and w and W

h .
L o the respective

schedule lengths.

There is more than one way to state the main
result that follows. Initially, we shall use a
simpler, more readily interpreted statement, al-
though it is somewhat weaker than necessary. In a
subsequent corollary a stronger statement will be

seen to be subject to essentially the same proof.

Let SL be an LPT schedule for j on m
processors such that ]Pil 2k21 for all 1<i<m.

Then
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Figure 1. Example Timing Diagram (m=3)

Moreover, this bound can be approached arbitrarily

closely for all m21 and k23.

Proof: The result is obviously true for m=1 and

Graham's result verifies that the theorem is true

for k<3. Thus, in the sequel we restrict our-

selves to m>1 and k> 3.

The proof will be by contradiction; i.e., let
us suppose that 3 violates (1), assuming SL is
such that lPiI >k for all i. Let T denote a

smallest task in 'J such that £(T%) =wp» and let
x

P in SL
assigned.

denote the processor on which T™* is
We first show that violation of (1) im-

*

plies that exactly k tasks are scheduled on P

in S_.
L
By definition we can write

wp = s(T*) + 1*.

From the properties of the LPT rule we know that
all processors are busy up to time s(T*), and

hence

—

s(T*) <= 1§ 1.
M gk

Thus,

. 1
and since w, > o

£
A
g

(2)

From (2)
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Hence, violation of (1) implies

On manipulation this yields

* 1 N 1

T e %

1 YL

*

from which we conclude that P can have at most

k tasks. Since by hypothesis P* nust have at
least k, we obtain |P*| =k.
Now suppose
wy 2 kt*. (3)
From (2) we have
m=1 % .
W, +——7T *
%‘- s = wm - 1421 Zy_
0 0 " %

Substituting (3) into this inequality gives us (1),
and with this contradiction we are done. Thus, it
remains to show that (3) holds, .assuming (1) is

violated.

Define ' =3- {T#T%|s(T) 2 s(T*) in s ) d.e.,

™' is the subset of "J which remains after dis-
carding all tasks that start no earlier than T*,

and hence are no larger than . Let SI', and

S, be LPT and optimal schedules for %' and let

0

1 t
uJL and wO
Note that P*

be the corresponding schedule lengths.
is unchanged in SI", except possibly
for a renaming of equal-length tasks. We shall
>w! i
wo > wo, (3) will follow

We proceed with a proof by contra-

prove that wc')zk’r*; since
immediately.

diction and begin with the following result.



Claim 1: In S' let TP be an arbitrary processor Proof: To verify this claim we use the definition

L
other than P¥*, and let T(i), l<i<®= |P], denote of P* to write
. th . ' .

the i task scheduled on P in SL' Let T(i) k-1 9
denote the execution time of T(i). Define T*(i) z ’r*(i) < I 1(i)
and T(i), 1<i<k, similarly for P* and suppose i=1 i=1
2<k-2, (Note that T*ET*(k).) If w(')<kT*, then and therefore

(1) > T(i+1) 1<i<f-1. ) k-1 2

@) =2 Z17() - ¥ 1(d)
Proof: From the properties of the LPT rule we can i=1 i=2
establish the claim by showing alternatively that or
* ¢ . .
s(T™ (1)) < s(T(i+l)) l1<is<f-1 =1 k-1
(1) = L [t @-1t@E+DI+ Z 1 (1),
or . .
i=1 i=2

i1 * : Using (4) in the above we have from Claim 1

1@ £ Lt 1<i<f-1

j=1 i=1 el .
where the sum on the left is defined to be O for T = 1£SZ,T 1) > (=21

i=1. But suppose for some i, 1<i<@-1,
thus establighing Claim 2. []

lZlT*(j) > ; T(3). To complete the proof of the theorem we con-
=1 =1 sider the set ™" of tasks formed as follows from
Since Z§=1T(j) > iT*, we have Z;};i’t*(j) > :'LT*, and '. We proceed in sequence through the processors
hence Pl’PZ""’Pm of Si. If !Pilzk—l all tasks on
K i1 K P, are placed in by R § 5 |Pi| =2<k-1 then
DT = Lt + L TNE)2 AT+ (k-it1) T place all non-initial tasks of P, into Y" plus
=1 3=1 3=t k-2 new tasks of length ™. From Claim 2 we
or make the key observation that the sum of the lengths
k of these last k-% tasks can not exceed the
T T*() 2 (k+l)T*. length of the initial (largest) task of Pi'
j=1

Let S!! be an optimal schedule of length Wy

0

Since all processors in SI: are busy up to S(T*)’ for 94". It is readily seen that wgswé. Since

we have wb: S(T*) ZkT*’ contradicting the hypothe- P* has k tasks, and since Claim 2 assures us

sis w(') <kt . The claim must therefore be true. [ that at least k-1 were placed into 4" for each
After the following result, which follows P#P*, we have ]5"| >m(k-1)+1. Thus, S'd has at

readily from Claim 1, we shall be nearly done. least one processor with k or more tasks and it

*
, 1 t >wl 2w >kt . i icti
Claim 2: With the same assumptions and notation of follows that wO wO ¥o T This contradiction

Claim 1 we have that w6<k‘r* implies completes the proof of the bound in (1).
T(1) > (k—SL)T* It remains to exhibit for each m21 and

k>3 examples for which wL/wO is given by (1).
and hence For this consider the set J such that n=km and

L L

T () =T+ T ()2 (k=) TF+ -1 m+i-2 l<i<m
i=1 1=2 ;o ymti-1 mtl<i<2m

or 1 2m Jmtl <is (k=1)m+1
) £ (k-L)m+ 2 < 1 < km
T oT(i) 2 (k-1)T%.
i=1
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Figure 2. Illustrating Worst-Case Bound (k=4)
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(Execution Times in Parentheses)

Figure

3. Example for m=3, k=5
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Figure 2 shows the general example for k=4. The

general example for arbitrary k>4 is obtained by

adding the appropriate number of ranks of tasks hav-

ing execution times 2m. Figure 3 shows the speci-
fic example for m=3 and k=5. It is readily

verified for these examples that

and hence the theorem is proved. [

We are now in a position to prove the slightly

stronger result given in the following corollary.

Corollary: 1In an LPT schedule SL suppose
f(T) =w , T dis assigned to P, and |P|=k. Then

L
W
w—L=1, k=1,2 (5)
0
Y]
Lkl 1
o S K T dm K73 ©

That is, if there is a task terminating the schedule

on a processor assigned k tasks, then (5) and (6)

hold.

Proof: First, it is readily verified that the
proof of the previous theorem carries through under
the weaker condition of the corollary for k= 3.
(One identifies T of the corollary with ™ in

the proof of the theorem.)

All schedules must have a length at least as
large as the largest task scheduled. Hence, (5)
must be true for k=1. For k=2, let

Ti ,...,Ti be those (largest) tasks assigned

1 m
first on Pl,...,Pm in SL' In any schedule at
least two of T, Ti ,...,Ti must appear on the
1 m

same processor. Of all the possibilities, schedu-

ling T and Ti (the smallest of the Ti ) to-
n .
gether clearly provides the shortest schedule;
hence, the length of SL must be minimal.
Graham's worst-case example corresponds to

k=3 and is given by. [G],
om= |(1+1)/2), 151<2m
m, 1i=2m+l

This example in conjunction with those of Fig. 2,
without the e-length tasks, shows that (6) is best

possible. [
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FINAL REMARKS

Note that the proof of the main theorem is
valid for k=3. Hence, the corollary also provides

an alternate proof of Graham's 4/3-1/3m result.

Informally, our result states if an LPT sched-
ule has at least k tasks scheduled on each pro-
cessor, then the LPT sequence can be no more than
1/k worse than an optimal sequence. In this pre-
cise sense we have clear support for the intuitive
expectation that LPT comes close to optimal when

many tasks are scheduled, relative to the number of

processors.
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