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This paper introduces a new two-stage assembly scheduling problem. There are m machines at the first stage, each of which
produces a component of a job. When all m components are available, a single assembly machine at the second stage completes
the job. The objective is to schedule jobs on the machines so that the makespan is minimized. We show that the search for an
optimal solution may be restricted to permutation schedules. The problem is proved to be NP-hard in the strong sense even when
m = 2. A schedule associated with an arbitrary permutation of jobs is shown to provide a worst-case ratio bound of two, and a
heuristic with a worst-case ratio bound of 2 — 1/m is presented. The compact vector summation technique is applied for finding
approximation solutions with worst-case absolute performance guarantees.

he two-stage assembly problem is a generalization

of the two-machine flowshop problem. Informally, it
can be described as follows. There are n jobs to be pro-
cessed. In the first stage, each of the machines M;, i =
1,2, ..., m, m = 2, processes a component of a job;
these machines work independently of each other. In the
second stage, the assembly machine M, assembles the m
prepared components of each job. The objective is to
complete all jobs as soon as possible.

The problem is frequently encountered in practice.
Picture, for instance, the production of personal
computers. Orders are assembled to customer specifica-
tion at a packaging station. A customer typically requires
a specific set of modules: a central processing unit, a
hard disc, a monitor, a printer, an appropriate keyboard,
a set of manuals in the right language, etc. Although there
may be only a few options for each module (e.g.,
there may only be five types of hard discs), a large variety
of end products can still be offered to the customer by
using different combinations at the packaging station.
The modules are produced on independent feeder lines,
say, one line for the keyboard and one for the monitors.
It is clear that this situation fits our assembly scheduling
model.

There are many other situations where a set of mod-
ules are produced on independent feeder lines, followed
by an assembly or a packaging step. As many industries
move closer to just-in-time systems, this type of layout
will increasingly be found. Moreover, the market pres-
sure for larger variety combined with the need to control
costs in a global competitive environment forces compa-
nies to re-design products with flat bills of materials and
modular structures. It follows that the problem discussed
in this paper becomes increasingly relevant.

In this paper, we prove that the problem is NP-hard in
the strong sense even when m = 2. Also, approximation
algorithms are proposed and analyzed. Most reasonable
approaches yield a worst-case ratio bound of 2. How-
ever, we design a heuristic method that yields a ratio
bound of 2 — 1/m. To obtain worst-case absolute bounds,
related vector summing problems are formulated. Some
novel geometric arguments are used to obtain the absolute
bounds.

The remainder of this paper is organized as follows. In
Section 1, we show that the search for an optimal solu-
tion may be restricted to permutation schedules. Section
2 establishes that the problem is NP-hard in the strong
sense even when m = 2. Approximation algorithms are
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proposed and analyzed in Sections 3 and 4. Section 3
presents an algorithm which has a worst-case ratio bound
of 2 — 1/m. In Section 4, algorithms are presented
which have respective worst-case absolute bounds of
m + 1/m times the largest processing time and, for
m = 2, of 1.25 times the largest processing time. Some
concluding remarks are contained in Section 5.

1. BASIC PROPERTIES

In this section we show that for the two-stage assembly
scheduling problem the search for an optimal solution
may be restricted to the class of permutation schedules.
We also derive an analytical expression for the objective
function which emphasizes close connections between
our assembly problem and the two-machine flowshop
scheduling problem.

We start with a formal description of the assembly
problem. Each job J;, j = 1, 2, ..., n, consists of a
chain of sets of operations ({0,; O,;, ..., O, },
O,,;). An operation O, ; is to be processed on machine
M;,i=1,2,..., m, and this requires p, ; time. Ma-
chine M; can process at most one job at a time. An
assembly operation O, ; is to be performed on M, and
takes p4 ; time. Forany i andk,i =1,2, ... ,m, k =
1,2,..., m, i # k, operations O, ; and Oy ;, j = 1,
2, ..., n, are allowed to be processed simultaneously.
An assembly operation O, ; may start only after all op-
erations O, ;, O, ;, ... , O,, ; have been completed. The
assembly machine M, can assemble the components of
at most one job at a time. The criterion for optimality is
the makespan C,,,,, i.e., we need to minimize the time
that all machines have completed all » jobs.

In our analysis we assume that all jobs are simulta-
neously available at time zero and that all processing
times are positive. No preemption is allowed, i.e., once
started, an operation cannot be interrupted before com-
pletion. We denote the two-stage assembly problem with
m machines in the first stage by Am||C,,, .-

Let S be a schedule for the Am|C,,,, problem. In
schedule S, the completion and the starting times of an
operation O, ; are denoted by C, ;(S) and R, ;(S), respec-
tively,i = 1,2, ..., m,j=1,2, ..., n; C,;(S) and
R ,4,j(S) are defined analogously. The time when a job J;
is ready for assembly is denoted by r;(S). Note that
ri(S) = max{C, (S)li = 1, 2, ..., m} < Ry ;(S).

We note that our search for an optimal solution can be
restricted to the class of schedules for which each of the
first-stage machines M;, i = 1, 2, ..., m, starts at time
zero and has no intermediate idle time.

Theorem 1. For the Am||C,,,, problem, there exists an
optimal solution which is a permutation schedule.

Proof. Suppose there exists an optimal schedule S in
which the processing order for some first-stage machine
M, differs from the order for the assembly machine M ,.
In this case, there exists a pair of jobs J; and J; such that
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job J; is sequenced immediately before J; on M;, but J;
follows J;, on M 4, perhaps with some intervening opera-
tions. We assume that in S there is no idle time on M, so
that C;,(S) = C,j(S) + pix < nlS) s Rqul(S) <
R4 ;(S).

Construct a new schedule S’ by interchanging jobs J;
and J; on M;. We have that C;,(S') < < C,;(S) <
R4.(S). Besides, C; (S') = C; x(S) < R4 ;(S). Thus,
in S’, all jobs can start on M, at the same time as they
do in S, so schedule S’ is also optimal.

Repeating the same arguments shows that the process-
ing orders on machine M, and on any machine M; can be
made identical without increasing the makespan and
without changing the schedule on M ,.

In view of Theorem 1, we restrict our search for an
optimal solution to permutation schedules. For any per-
mutation of jobs, a corresponding schedule is con-
structed by processing every operation as early as
possible. We now derive dn expression for the makespan
of such a permutation schedule.

Theorem 2. Let ™ = (jy, js, --- » Jj,) be an arbitrary
permutation of jobs and S be the assembly schedule
specified by that permutation. Then

Crrax(S) = max[max[ > Pij, Ii =1,2,..., m}
k=1

n
+ X pajlu=1,2,..., n]. (1)
k=u
Proof. Since, in S, all operations are processed as early
as possible, we have
Ca,j,(8)=r; () +paj,
Ca,j, (S) = max{r; (S), Ca4,j, ()} +Ppa,j, >
k=2,3,...,n,

from which we deduce that

u

Ca,j, (S) = max{rju (S) + kZ Paj,

=1,2,..., n}.
Since C,,,x(S) = C4,; (S) and

i=1, 2,...,m},

u
7. (S) = max{kzl Pij,
the desired expression follows immediately.

Note that if there is only one machine is the first stage,
i.e., m = 1, the two-stage assembly problem coincides
with minimizing the makespan in the two-machine flow-
shop. We refer to the latter problem as F2||C,,,. (see,
e.g., Lawler et al. 1993).

Recall some results on the F2||C,,,, problem. Let the
machines be denoted by M, and M,. Each job J; consists
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of two operations O, ; and O, ; to be processed in this
order on M, and M,, respectively. Processing an opera-
tion O, ; takes p; ; time, i = 1, 2. For the F2|[C,, .
problem there always exists an optimal solution which is
a permutation schedule, i.e., a schedule with the same
job processing order on both machines. Let = = (j;,
j2» +++» jn) be an arbitrary permutation of jobs. This
permutation specifies a schedule S with makespan

u n
Cmax(S) = max[ 2 Pi,j, + kE D2,j, lu
k=1 =u

=1, 2, ...,n}.

To find a permutation which specifies an optimal sched-
ule for the F2|C,,,, problem, the well-known Johnson
algorithm (see Johnson 1954) may be used. According to
that algorithm, the optimal permutation starts with the
jobs for which p, ; < p, ; taken in nondecreasing order
of p, ; followed by the rest of the jobs taken in nonin-
creasing order with respect to p, ;. Finding the optimal
permutation requires O(nlogn) time.

Note that the assembly problem corresponds to m ar-
tificial two-machine flowshop scheduling problems in the
following way. The ith flowshop consists of machine M;
in the first stage and machine M, in the second stage,
i=1,2,..., m. Let # = (j1, jp, -+ jn) b€ an
arbitrary permutation of jobs specifying schedules for the
assembly problem and for each of the flowshop problems
introduced above. The corresponding schedule for the
ith flowshop is denoted by S; while it is denoted by S for
the assembly problem. It follows from (1) that

Crax(S) = max{C o (S))i=1, 2, ..., m}. (2)

2. COMPLEXITY

We show that the 42||C,,,, problem is NP-hard in the
strong sense. To prove this, we use the well-known
3-PARTITION problem (see, e.g., Garey and Johnson
1979) which is NP-complete in the strong sense.

3-PARTITION. Given 3¢ integers e, €, ..., €3,
where X,cr e; = tE for some positive integer E and
E/4 <e;, <E/2fori=1,2,...,3t, does there exist a
partition of the index set {1, 2, ..., 3¢} into ¢ disjoint
sets Ty, T, ..., T, such that Z,ETj e; = E for eachj =
1,2, ...,1¢?

Note that £ > 3 and, if 3-PARTITION has a solution,
then |T;| = 3 for all j.

Theorem 3. The two-stage assembly problem is NP-hard
in the strong sense.

Proof. Given an arbitrary instance of 3-PARTITION, we
define the instance of the A42|C,,,, problem with n =
4t + 1 jobs divided into two groups: U-jobs denoted by
U,i=1,2,...,3t, and V-jobs denoted by V}, j = 0,
1, ..., t. We set

Py, =3€;E, pry, =e;, pau, =3e;,

i=1,2,..., 38
P, =1, pav, =1, pay, =3E%
Py, =3E, pay, =3E*+2E, pay, = 3E?,

j=1,2,...,t—-1;
pl,V, =3E’ pZ,V[ =3E2+2E, PA,V, = 1;

y =3tE? + 3tE + 2.

We show that for the constructed instance of the
A2|C,,., problem, a schedule S, with C,,,.(So) <y
exists if and only if 3-PARTITION has a solution.

LetT,, T,, ..., T, be a solution of 3-PARTITION. An
arbitrary permutation of the U-jobs with indices belong-
ing to set T; is denoted by m;(U). The desired schedule
S exists and is specified by the permutation m, = (V,,
m(U), Vi, m(U), ..., Vi, m(U), V,). It is easy to
check that C,,,.(Sy) = y. See Figure 1.

Suppose now that there exists a schedule S, with
Cnax(So) < y. Without loss of generality we may as-
sume that S, is a permutation schedule, and m, is the
corresponding permutation. Since total workload on each

Vo 1r1(U) vV, w,(U) V, ™, (U) vV,
[ | | | | | |
Ml 1 ] ] ™ T T 1
Vo ™ (U) vV, Ty (U) m, (V) Ve
(M| | | | | | | ]
M2 11 | | | | | 1 !
V0 1r1(U) V1 1r2(U) Vt—l 1rt(U) vV,
| | | | | | ||
MA | | I I | | [
I 1 | | 1 | | 5
[ ] 1, !
2 2 2 2
01 3F +1 3F +3E+1 6FE +3E+1 6F +6E+1 3tE +3tE+2

Figure 1.



