Dated Friday, July 09, 2004 - in response to my query about branch and bound

Seenu:

Regarding Branch & Bound, I developed it myself while a Fulbright visiting
scholar from India at Case Institute in 1961. John Little was an assistant prof.
there at that time. I was new to research & to American ways; but became aware
of the TSP which intrigued me, & had been thinking about it since 1959, and was
not aware of Land & Doig's paper at all. I started with the assignment problem
as a relaxation of the TSP, and was wondering how I can force the efficient
assignment algo. (Hungarian method) to yield the optimum tour rather than the
opt. assignment. This led me in 1961 to develop the algo. for ranking
assignments in increasing order of cost (I published this only in 1968 after
going back to India for 3 years & returning to UC, Berkeley later; earlier I was
not aware of the importance of publishing research results). Then I quickly
developed the bounding feature also (this important feature is totally new, I
believe it is not in Land & Doig's paper) and modified the assignment ranking
algo. into the B&B method for TSP (it was not called by that name at that time).
My one year stay was coming to an end, so I hastily wrote the results in the
form of an unpublished paper

Katta G. Murty, C. Karel, JDC Little “The TSP: Solution by a method of ranking
assignments”, Sept. 1962.

I put Caroline Karel's name because she provided me her Hungarian method
software, & I put Little's name because he promised to get the paper published

after my departure to India.

After my departure from Case, Little went to MIT, and there the other author
suggested the name “B & B” for the method.

Best wishes to you.

Katta Murty.
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Special case of a symmetric cost matrix:

When the cost matrix is symmetric any assignment and its
transpose yield the same value for the objective function,
Thus‘tha tranaposa of tha optimal tour would be anothar

optimal tour, This fact, when used in the computational
procedure for the travelling salesman problem, permits at

any stage, the discarding of not only the partitions

containing all nontours, but also those whose transposes

form subsets of some of the other partitions which are retained
for the next stage of the algorithm, This modification to

the procedure can usually be expected to effect considerable

computational savings.

In a symmetric problem the first few assignments in the

sequence’ B(0), B(l), susse... will usually contain several

two element subtours, Suppose that

B(0) = A(0) = [(i,3) (3,i) vuu..]
and that the subtour (i,j) (j,i) is the one selected to
be used for partitioning Y. Then the subsets to be
retained for the next stage would normally be

Y(1) ={all y€ Y such that (i,j)&:y;}

g - .
Y(0,2) = agll y< Y such that (i,3)€y, (j,i)ﬁ;y

But

RZY(O,28 =Eall y¢& Y such that (j,i)€ vy, (i,j);{y)>

and therefore
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Thus it suffices to consider only Y(1l) for the succeding
stages, since even if Y(0,2) were to contain the optimal
tour, its transpose, which is also optimal, would be
contained in Y(1). Thus

' B(1) = y(1).

Some additional gain can be made at the second stape if a

subtour of two elements appears in B(1l) also. Suppose
B(1) = y(1) = [(m,p) (p,m), «v..]

The normal partition of Y(1) would be

Y(1,1) = Eall y€ Y such that (i,j) (m,p)é‘g y}

Y(1,2) = g}ll yEY such that (m,p)c y; (i,3) L@,m)¢izf

and one would usually retain only these two subsets for the

third stage, However let
*Y(1,2,0) = géll yEY such that (§,i) (m,p)Ey
(5,9) (pmiy

Y(1,2,1) =gall y&Y such that (m,p)Ey (i,j) (p,m) (j,i)c)il;y

Then Y(1,2) = Y(1,2,0) U ¥(1,2,1)

and R Y(1,2,1) C Y(1,1).

Thus it suffices to consider only the subsets Y(1,1) and

Y(1,2,0) for the third stage.

Application of this principle beyond the second stage, even
if two element subtours persist among the B(s) in the

sequence, does not appear to be very fruitful,
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A 20 City Symmetric Example:

The algorithm together with the simplyications applicable
under the special case of symmetric cost matric, has been

uned to solve tha 20 city problem Jue to Crels [7].

The optimal assignment for the problem is
B(0) = A(0) = [(16,8) (8,16), (1,12) (12,1) (2,14)
(14,2) (3,20) (20,3) (4,13) (13,4)
(5,9) (9,5) (6,19) (13,6) (7,15) (15,7)
(10,18) (18,10) (11,17) (17,11)]
with z[B(0)] = 218,
where (16,8) (8,16) form a subtour of two elements within:

B(0), both corresponding to the maximum value of 6 = 17,

Commencing stage 2, let
Y(1) = Eall yEY such that (16,8)<1F’y3
and according to the alg;rithm
B(1) = y(1) = [(9,5) (5,3), (1,12) (12,1) (2,14) (1u4,2)
(3,20) (20,3) (4,13) (13,4) (10,18) (18,10)
(11,17) (17,11) (6,19) (19,7) (7,15) (15,8)
(8,16) (16,6)]

with - z[B(1)] = 235.

Commencing stage 3, let

gall y&Y(1) such that (9,5);%}

Z}ll y&EY(1) such that (8,16) (9,5)C vy, (3,9)¢5y

Y(2)

Y(3)

and define

B(2)

minimal assignment among {;(2), y(ag
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It was found that Y(2) has two optimal assignments and that
both these and y(3) yield the same value of z, However all
these are nontours and it is necessary to continue the

algorithm further,

As has been noted under the procedure for developing the
sequence of ranked assignments, any one of the optimal
assignments may be considered first, and the other one would
automatically turn up in the sqcceeding stage of computation.
Thus let

B(2)

one of the optimal assignments in Y(2)

[(1, 12) (12,1), (11,17) (17,11) (13,4) (4,13)
(2,8) (8,16) (16,15) (15,7) (7,19) (19,6) (6,5)

(5,9) (9,3) (3,20) (20,18) (18,10) (10,14) (14,2)]

B(3)

"

y(3) = [(1,16) (8,5); (19,7) (7,19), (16,15)
(15,8) (1,4) (4,13) (13,2) (2,14) (14,10)
(10,18) (18,20) (20,3) (3,9) (5,6) |

(6,17) (17,11) (11,12) (12,1)].

with 2[B(2)] = z[B(3)] = 2u5.

In stage 4 it is necessary to partition both Y(2) and Y(3) in

order to get the next element in the sequence B(s), Let

v(4) = $all yEv(2) such that (1,12)(@}

¥(5) = §fall y€Y(2) such that (1,12)€y, (12, l)¢x)>
Y(6) = {all yEY(3) such that (19,7)& yj |
Y(7) = {;11 yEY(3) such that (19,7)€y, (7,19)$Z¥))

RIS
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It was found that Y(2) has two optimal assignments and that
both these and y(3) yield the same value of z, However all

these are nontours and it is necessary to continue the

algorithm furthar,

As has been noted under the procedure for developing the
Sequence of ranked assignmernts, any one of the optimal
assignments may be considered first, and the other one would
éutomatically turn up in the succeeding stage of computation,
Thus let

B(2)

one of the optimal assignments in Y(2)

(€1, 12) (12,1), (11,17) (17,11) (13,4) (&,13)
(2,8) (8,16) (16,15) (15,7) (7,19) (19,6) (6,5)

(5,9) (9,3) (3,20) (20,18) (18,10) (10,14) (14,2)]

B(3)

y(3) = [(1,16) (9,5); (19,7) (7,19), (16,15)
kls,s) (1,4) (4,13) (13,2) (2,14) (14,10)
(10,18) (18,20) (20,3) (3,9) (5,6)
(6,17) (17,11) (11,12) (12,1)].

with z[B(2)] = z[B(3)] = 2u5,

In stage 4 it is necessary to partition both Y(2) and Y(3) in

order to get the next element in the sequence B(s), Let

Y(4) = gall Y€ Y(2) such that (l,l2)¢y]

Y(5) = iall y€Y(2) such that (1,12)¢ vy, (12, “ﬂi)}

Y(6) = {all yE€Y(3) such that (19,7)¢ y)>

Y(7) = {all yEY(3) such that (19,7)€y, (7,19)¢J
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And then
B(4) = minimal assignment amongg;y(u), y(5), y(8), y(VEj? .
= y(5) = [(1,12); (19,7) (7,19), (8,15) (16,15) (15,8)
(12,11) (11,17) (17,6) (6,5) (5,9) (9,3)
(3,20) (20,18) (18,10) (10,14) (14,2) (2,13)
(13,4) (u4,1)]
with z[B(4)] = 2us,

It may be noted that B(4) = y(5) is the other optimal

assignment in Y(2).

Going over to stage 5, let
Y(8) = E?ll yEY(5) such that (19,7)43Xj

Y(9)

£a11 y €Y(5) such that (19,7€y, (7,19)q€yj)
and then

"B(5) = minimal assignment among gy(u), y(6), y(7), y(8), y(9ji

It was found that Y(7) has two optimal assignments and that
both these and y(4) yield the same value for z, However only
one of the optimal assignments of Y(7) is of interest to the

problem since it happens to be a tour., Hence that is the

~optimal tour,

B(5) = the tour which is one of the minimal assignments in Y(7)

the optimal tour

[(8,16) (9,5) (19,7); (1,4) (4,13)
(13,2) (2,14) (14,10) (10,18) (18,20)
(20,3) (3,9) (5,19) (7,15) (15,8)
(16,1) (6,17) (17,11) (11,12) (12,1)].

with z[B(5)] = 2us6,

The transpose of B(S5), which is another optimal tour, is the

solution obtained by Croes.
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Computational Time:

The 10~-city problem has been solved by hand, and the time
takan was abeut hdalf am heur,

The 20-city problem involved the solving of 10 different

assignment problems of sizes ranging from 16 to 20, On

_the Burroughs 220 computer, at the Computing Centre, Case

Institute of Technology, this took about 10 minutes in all,
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